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Abstract

In this thesis, we study the quantum symmetries of various combinatorial ob-
jects. More precisely, we investigate the quantum automorphism groups of vertex-
transitive graphs, which were first defined by Banica and Bichon in [4], [13], and
introduce the new notions of quantum switching isomorphisms of signed graphs and
quantum automorphism groups of matroids.

The results include a complete determination of the existence of quantum sym-
metries of all vertex-transitive graphs on 12 vertices, extending work done in [6],
[22], [23], and the computation of the quantum automorphism groups of two of
these graphs aided by a Grobner basis computation.

Inspired by the graph isomorphism game introduced in [2], we moreover con-
structed a switching isomorphism game for signed graphs. Analogously to the study
of the graph isomorphism game in [51], we find that there is a strong connection
between the perfect quantum strategies for the switching isomorphism game and the
hyperoctahedral quantum group. However, we also find that for connected signed
graphs, any true quantum switching isomorphism always implies the existence of a
true quantum isomorphism of the underlying graphs.

Lastly, we define several quantum automorphism groups for matroids. It turns
out that unlike the classical automorphism groups of matroids, the quantum auto-
morphism groups depend on the axiom system chosen for the matroid. We then
study the quantum automorphism groups of several matroids, using amongst others
Grobner basis computations.

This work is based in parts on the research articles [26], [73] of which the author

of the thesis was the author and a coauthor respectively.






Zusammenfassung

In dieser Arbeit untersuchen wir die Quantensymmetrien verschiedener kombina-
torischer Objekte. Um genauer zu sein, befassen wir uns mit den Quantenautomor-
phismengruppen von vertextransitiven Graphen, die zuerst von Banica und Bichon
in [4], [13] definiert wurden, und fiihren die neuen Begriffe der Quantenswitchingi-
somorphie von signierten Graphen und der Quantenautomorphismengruppen von
Matroiden ein.

Unter den Ergebnissen ist eine vollstandige Bestimmung der Existenz von Quan-
tensymmetrien von allen vertextransitiven Graphen auf 12 Punkten. Dies erweitert
die Arbeit aus [6], [22], [23]. Weiterhin berechnen wir die Quantenautomorphismen-
gruppen von zwei dieser Graphen, wobei teilweise auf Grobnerbasisberechnungen
zuriickgegriffen wird.

AufBlerdem konstruieren wir ein Switching-Isomorphie-Spiel fiir signierte Graphen
nach dem Vorbild des Graph-Isomorphie-Spiels aus [2]. Analog zur Analyse des
Graph-Isomorphie-Spiels in [51] kdnnen wir zeigen, dass es eine starke Verbindung
zwischen perfekten Quantenstrategien fiir das Switching-Isomorphie-Spiel und der
hyperoktaedrische Quantengruppe. Wir konnen allerdings auch zeigen, dass fiir
zusammenhangende signierte Graphen jeder wahre Quantenswitchingisomorphis-
mus schon die Existenz eines wahren Quantenswitchingisomorphismus der zugrunde
liegenden Graphen impliziert.

Schliefflich definieren wir verschiedene Quantenautomorphismengruppen fiir Ma-
troide. Es stellt sich heraus, dass — anders als die klassische Automorphismengrup-
pen von Matroiden — die Quantenautomorphismengruppen von dem Axiomsystem
abhangt, welches man wahlt um den Matroid zu beschreiben. Wir untersuchen
die Quantenautomorphismengruppen von verschiedenen Matroiden, unter anderem
mithilfe von Grobnerbasisberechnungen.

Diese Arbeit basiert teilweise auf den Forschungsartikeln [26], [73], welche der

Autor der Dissertation verfasst bzw. mitverfasst hat.
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Introduction

The subject of this thesis is the study of quantum symmetries of certain com-
binatorial structures, namely simple graphs, signed graphs and matroids. These
symmetries are either studied in the sense of Woronowicz’s compact matrix quan-
tum groups or as the perfect quantum strategies of certain nonlocal games.

We now give a brief overview of the history and important results on quantum
automorphism groups and nonlocal games and then state the main results of the
thesis.

Quantum automorphism groups

Compact matrix quantum groups. When studying symmetry, one typically
studies groups and their actions. However, with the discovery of quantum effects it
has become clear that one needs to study a bigger class of objects. In this context,
quantum groups were defined in 1986 by Drinfeld [33] and Jimbo [44]. Shortly
afterwards, Woronowicz [89] defined compact quantum groups, where the idea is that
instead of studying a compact group G with its binary operation o : G x G — G,
one studies its algebra of continuous functions C(G) and the map A : C(G) —
C(G x G)=C(G)®C(Q).

For any compact group G, the function algebra C'(G) will be a commutative C*-
algebra, and by Gelfand duality, any commutative C*-algebra is of the form C'(X) for
a compact space X. Therefore, in order to generalise the concept of a compact group,
one takes a no longer necessarily commutative C*-algebra A = C'(G) together with a
comultiplication map A to define a compact quantum group. Here, the underlying
compact group G only exists when C(G) is commutative and is only symbolical
otherwise. Woronowicz moreover defined compact matrix quantum groups as a part
of compact quantum groups that generalise the classical compact matrix groups. In
this thesis, all compact quantum groups that are studied will be compact matrix
quantum groups.

Using this framework, Wang captured quantum symmetries of finite spaces by
defining the quantum permutation group S; as the quantum analogue of the permu-
tation group S, in [82]. The name quantum permutation group is justified, since S;"
is the quantum automorphism group of n points in the sense that it acts maximally
on this set. With this in mind, one can then ask what happens if one adds more

structure to these points and asks that the structure be respected by the action.
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Graphs. Graphs are a useful tool in modeling many things, from transportation
networks over disease spreading to the data used in machine learning algorithms.
As such, their study and amongst others the study of their symmetries has been
a subject in mathematics for a long time. In its simplest form, a graph is just a
finite set of vertices with (undirected) edges connecting these vertices. For many
different purposes there are however many different kinds of graphs, such as directed
graphs, where the direction of the edges matters, and labelled graphs where either
the vertices or the edges (or both) get assigned some labels to carry additional
information.

To study the symmetries of a graph, one needs to consider all permutations of
the vertices that leave the graph unchanged. In other words, when given a simple
graph I' = (V, E') and a permutation o of V', then ¢ is an automorphism of I" if and
only if

o(i) ~o(j) <= i~].
This relationship can also equivalently be expressed in the form of permutation ma-
trices: if Ar is the adjacency matrix of I' and P, the permutation matrix belonging

to o then o is an automorphism of I" if and only if
ArP, = P, Ar.
For the automorphism group this means it can be expressed as
Aut(T') ={P, € S, | ArP, = P, Ar}.

There are many results on symmetries of graphs, such as Frucht’s theorem [38|,
stating that any finite group can be realized as the automorphism group of a simple
graph, or the result by Erdds and Rényi [34] that almost all graphs have trivial
automorphism group.

In order to generalise the concept of the automorphism group of a graph to
quantum groups, Bichon gave a definition of a quantum automorphism group in
2003 [13] and shortly afterwards, Banica gave a slightly different definition in [4]. In
the literature it is now more common to study Banica’s version, which we will also do
in this thesis. This definition is based on the characterisation of the automorphism
group of a graph via permutation matrices and is defined as follows, given a graph

I on n vertices:
C(Gjut(F)) = C*(UU ‘ U5 = U?j = 'Lb;kj, Zulk =1= Zuki, Aru = UAF>
k=1 k=1

We will always have that Aut(T') C G ,(T') as compact matrix quantum groups,

aut

and if C(G},(T")) is commutative, we have equality. The natural question to ask

is therefore: for which graphs do the graph induced relations already yield com-

mutativity? In the case that C(G},,) is not commutative, and therefore G ,(T') is

strictly larger than Aut(T"), we say that I' has quantum symmetries.
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This field of study has seen renewed progress recently, with many publications
in the past few years. Previous work on this question includes a computer assisted
approach by Eder, Levandovskyy, Schmidt, Steenpass, Weber and the author of this
thesis in [48], where they compute the existence of quantum symmetries for all con-
nected graphs on up to 6 vertices and on all graphs on 7 vertices with automorphism
group of order less than or equal to 2. Another impressive result was found by van
Dobben de Bruyn, Roberson, and Schmidt in [31] where they give a construction for
asymmetric graphs that have quantum symmetries, answering the question for the
existence of such a graph. Van Dobben de Bruyn, Nigam Kar, Roberson, Schmidt
and Zeman also give a complete characterisation of quantum automorphism groups
of trees in [30], including a polynomial-time algorithm to compute the quantum
automorphism group of a given tree. In [42] Gromada investigates quantum au-
tomorphisms of Hadamard matrices and shows that these results transfer to the
corresponding Hadamard graphs.

This thesis focuses on the study of quantum symmetries of a particular class of
graphs, namely vertex-transitive graphs. Previous results on the study of this class
include [6], where Banica and Bichon describe the quantum automorphism group for
all vertex-transitive graphs on up to 11 vertices except for the Petersen graph. The
case of the Petersen graph was later filled in by Schmidt in |74]. Moreover, in [22],
[23] Chassaniol described the quantum automorphism group of all vertex-transitive
graphs on 13 vertices. In this thesis, we fill the gap left by the previous results and
compute the existence of quantum symmetries for all vertex-transitive graphs on 12

vertices.

Matroids. Matroids are combinatorial structures that were introduced by
Whitney [88] in 1935. They are a generalisation of several mathematical concepts,
among them both graphs and linear dependence. As such they form a bridge be-
tween these different aspects of mathematics and allow for a more general approach
to some of these subjects. One example where the study of matroids is useful is in
certain engineering problems, where the rank of systems of equations is of interest,
for example in the work on rigidity of spatial structures. Such examples and more
can be found in the book Matroid Applications [86].

The study of quantum symmetries of graphs has inspired a similar study for other
objects. For example in [17], [24], the authors extend the study of quantum sym-
metries to quantum graphs. In [36], Faro§ introduces the quantum automorphism
groups of hypergraphs.

In this thesis, we extend the list above by proposing several definitions for quan-
tum automorphism groups of matroids. There are several definitions for matroids
that can be transferred into one another. When considering the automorphism
group of a matroid in these different definitions, one can see that they are indepen-

dent of the choice of definition. However, for the quantum automorphism groups it
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turns out that this is not the case and we get a chain of inclusion of the quantum

automorphism groups.

Quantum isomorphism of graphs

Related to the study of quantum automorphism groups of graphs is the study
of quantum isomorphisms of graphs. They were introduced in [2] by Atserias,
Mancinska, Roberson, Sdmal, Severini and Varvitsiotis, where the authors designed
a nonlocal game that captured classical isomorphism in its perfect classical strate-
gies. They then defined two graphs to be quantum isomorphic if there exists a
perfect quantum strategy for the graph isomorphism game for these graphs. Equiv-
alently, two graphs are quantum isomorphic if a quantum permutation matrix exists
that intertwines the adjacency matrices, i.e. the graph isomorphism game captures
isomorphism in the following sense. If I'; and I'y are finite, simple graphs with

adjacency matrices A; and A, respectively, then we have:

e There is a perfect classical strategy for the isomorphism game of I'y and I'y
if and only if there exists a permutation matrix P such that AP = PAs.
e There is a perfect quantum strategy for the isomorphism game of I'; and

I's if and only if there exists a quantum permutation matrix w such that
Alu = UAQ.

In [2] the authors not only introduce quantum isomorphisms of graphs but they also
show that there indeed exist graphs that are not isomorphic but that are quantum
isomorphic.

Further results on quantum isomorphisms of graphs include a Lovasz type theo-
rem by Mancinska and Roberson in [55] where they show that quantum isomorphism
of graphs is equivalent to the equality of homomorphism counts from all planar
graphs.

The relation to the quantum automorphisms of graphs is that the representations
of the quantum automorphism group of a graph I' are exactly the perfect quantum
strategies of the (I, I')-isomorphism game. Moreover, in [51] Lupini, Mancinska and
Roberson show that two graphs I'y and I'y are quantum isomorphic if and only if
there are vertices v; € V(I'1) and vy € 'y that are in the same orbit of the quantum
automorphism group of the disjoint union of I'y and I's.

Inspired by the isomorphism game, we design a nonlocal game that captures
switching isomorphism of signed graphs in a similar way. Signed graphs are graphs
that have assigned to each edge a label of either +1 or —1. Two signed graphs are
switching isomorphic if the delabelled versions are isomorphic such that additionally
for any cycle the product of the labels of all edges appearing in the cycle is unchanged
under the isomorphism. Equivalently, they are switching isomorphic if there exists

a signed permutation matrix that intertwines the adjacency matrices. Our new
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nonlocal game now captures switching isomorphism in the following sense. If I'y

and 'y are signed graphs with adjacency matrices A; and A,, then we have:

e There is a perfect classical strategy for the switching isomorphism game
of I'y and I'y if and only if there is a signed permutation matrix H € H,
such that AyH = HA;. Here, H, denotes the hyperoctahedral group
H, = 5515,.

e There is a perfect quantum strategy for the switching isomorphism game
of I'y and T'y if and only if there is a quantum signed permutation matrix
v such that Ajv = vA,.

In the second case we then call the two graphs quantum switching isomorphic.

Outline and main results

In Chapter [1| we collect basic definitions and results around graphs, C*-algebras,
quantum groups and nonlocal games that are needed for the later chapters. We
introduce the basic definitions and previous results around quantum automorphism
groups of graphs in Chapter 2l We also collect some lemmas that are helpful when
trying to compute the existence of quantum symmetries for a specific graph and
give a general strategy that one can try to apply in such a case. In Chapter
we introduce basic notions around Grobner bases and present a noncommutative
version of the Buchberger algorithm, which has been implemented in 0SCAR [66] by
Schultz and the author.

We study the existence of quantum symmetries for all vertex-transitive graphs
on 12 vertices in Chapter [ We study these graphs in 5 different subclasses:
mected graphs| [products of smaller graphs| |circulant graphs| [semicirculant graphs|
and that do not fit into any of the other subclasses. We find that for

these graphs the existence of quantum symmetries is equivalent to the existence of

disjoint automorphisms, which together with previous results on quantum symme-

tries of vertex-transitive graphs leads to the following theorem:

THEOREM A (Theorem . For vertex transitive graphs on up to 13 vertices,

the existence of quantum symmetries is completely determined.

Moreover, we compute the quantum automorphism group explicitly for two of
these vertex-transitive graphs on 12 vertices for which this result does not follow
directly from previous results. One of them is a circulant graph and the other a
semi-circulant graph, both of which are graphs based on the cycle graph and adding

some additional edges between vertices at certain distances.

THEOREM B (Theorems and [4.5.2). The quantum automorphism group of
012(4, 5) and 012(3+, 6) 18 H;_ X 53.

We study quantum switching isomorphisms of signed graphs in Chapter[f] First,

we give a definition of quantum switching isomorphism via the newly constructed
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switching isomorphism game and then characterise them in terms of compact matrix

quantum groups.

THEOREM C (Theorem . Two finite, simple signed graphs I'y and I'y with
adjacency matrices A1 and Ay respectively are quantum switching isomorphic if and
only if there exists a quantum signed permutation matriz v with entries from a unital
C*-algebra admitting a faithful tracial state such that vA; = Asv.

We moreover find that for connected signed graphs any true quantum switching
isomorphism always comes from a quantum isomorphism of the delabelled versions

of the graphs.

THEOREM D (Theorem. Let 'y and T'y be two connected signed graphs that
are quantum switching isomorphic and let v be a the quantum signed permutation
matrix giwen by the quantum switching isomorphism. Then v can be written as
Vij = Siui; for a quantum permutation matriz u and some self-adjoint unitaries s;
and we have that if v has any noncommuting entries, then already u must have

noncommuting entries.

In Chapter [6] we give definitions of different quantum automorphism groups of
matroids according to different axiom systems of matroids, namely for flats, bases,
independent sets and circuits and denote them by GZ ., GB .. GZ

C
aut’ Taut’) T aut and Gaut respec-

tively. For these quantum groups, we find the following inclusion result.
THEOREM E (Theorem [6.1). For every matroid M we have

Aut(M) = G,

aut

(M) €GB, (M) = GZ

aut aut

(M).

If M is a simple rank 3 matroid and the ground set E(M) is not equal to Fy U FyU F3
for triangles { Fy, Fy, F3}, then

Aut(M) = G7,

aut

(M) C GS,,(M) € G5,,(M) = G,

aut aut aut

(M).

We also find that for a significant class of matroids, the quantum automorphism
B

aut(M) is already classical.

group G
THEOREM F (Theorem [6.3.3)). If M is a matroid with girth(M) > 4, then

B
Gaut

(M) = GZ

aut

(M) = Aut(M).

Moreover, we used Grobner basis computations to check for a number of matroids
whether C(G5 (M)) and C(GS,,
Section [G.5]

Lastly we collect some open questions related to the subjects covered in this
thesis in Chapter [7]

(M)) are commutative and collect the results in



CHAPTER 1

Preliminaries

1.1. Graphs

Large parts of this thesis are about graphs. We therefore start by collecting some

basic definitions and facts about graphs.

1.1.1. DEFINITION. A finite graph without multiple edges T' consists of a finite
vertex set V(I') and an edge set E(I") C V(I') x V(I"). It is called undirected, if for
any edge (u,v) € E(I') it also holds that (v,u) € E(I'). A loop is an edge of the
form (i,1) € E(T).

The adjacency matriz Ar of a graph on n vertices is the n X n-matrix with the
(i, j)-entry being the number of edges from vertex i to vertex j. If I' is undirected
and without multiple edges, Ar is thus a symmetric matrix with {0, 1}-entries.

In an undirected graph, we will write u ~ v to mean that (u,v) € E(I') and thus
also (v,u) € E(I).

All graphs considered in this work will be undirected and without

multiple edges or loops.

1.1.2. DEFINITION. Two (undirected) graphs I'y and I'y are isomorphic if there

exists a bijection o : V(I'y) — V(I'y) such that o preserves adjacency, i.e.
i~ < o(i) ~o(j) forall i,j € V(I'y).

1.1.3. DEFINITION. Given a graph I' on n vertices with adjacency matrix Ar,
its automorphism group G (') is the group of all automorphisms of I" and can be

expressed as a group of permutation matrices in the following sense:
Gaut(T) ={P € S,|PAr = ArP}.

1.1.4. DEFINITION. A graph I is vertex-transitive if for any two vertices i,j €
V(I') there exists an automorphism ¢ € Gy, (I") such that (i) = j.

1.1.5. EXAMPLE. The following graph is vertex-transitive:

It is called Cg(2) and is an example from the family of so-called circulant graphs.

7
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1.1.6. DEFINITION. For 1 < k1 < --- < k, < L%J, we define the the circulant
graph on n vertices with chords in distances kq,...,k,, as the graph obtained by
drawing the n—cycle C, and then connecting all pairs of vertices in distance k;, for
any i. We write C,(kq,...,k.) for this graph. In other words, the vertex set of
Cu(ki, ..., k) is V ={1,...,n} and for i,j € V we have

i~jeli—j] mod ne{l k... k}.

Related to this is the family of semi-circulant graphs: the semi-circulant graph
Cp(kyy ... k1, .. 1F) is constructed by taking the circulant graph C,, (ki, ..., k)
and adding edges between i, € V if i is even, i < j and j —i € {If,... [T}

1.1.7. EXAMPLE. The graph C12(5") looks as follows:

>
>

1.1.8. DEFINITION. Given a graph I' and two automorphisms ¢ and ¢ of I'; we
say that ¢ and ¥ are disjoint if we have

(i) w(v) #v = ¥(v) = v and
(ii) v(v) #v = o(v) =v
for all vertices v € V(I'). We say that I' has disjoint automorphisms, if there are

two non-trivial disjoint automorphisms in G, ().

1.1.9. ExaMPLE. The graph C}4, given as follows, has the disjoint automorphisms
@ =(13) and ¢ = (24).

1.2. C*-Algebras

We will now recall the basic definitions and some important statements about C*-
algebras. Most of the definitions and statements in this section come from the lecture
notes [54], [84]. More detailled information about C*-algebras can for example be
found in the books [15], [64].

1.2.1. DEFINITION. A C*-algebra A is a Banach algebra which has an antilinear
map * : A — A satisfying (z*)* = z and (zy)* = y*z*, called the involution, whose

8
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norm satisfies the C*-identity:

|z*z||* = ||z||* for all z € A.

1.2.2. EXAMPLE. Given a Hilbert space H, the algebra of all bounded operators
on H, B(H), is a C*-algebra with the adjoint map being the involution.

Another example is given by the continuous functions C'(X) on a compact space
X. In fact, one can see that all commutative C*-algebras arise in such a way, as can

be seen in the following theorem.

The following theorem is an important fact in C*-algebra theory and opens
the interpretation of noncommutative C*-algebras as ‘“noncommutative” compact

spaces.

1.2.3. THEOREM (Gelfand-Naimark).

(i) If X is a compact topological space, then C(X) is a commutative unital
C*-algebra.

(i1) If A is a commutative C*-algebra, then there exists a compact topological
space X such that A = C(X). In fact one can see that X = Spec(A),
where Spec(A) is the spectrum of A, i.e. the set of all characters of A.

An important tool in the study of C*-algebras are universal constructions. In

fact all C*-algebras considered in this thesis will be costructed in such a way:

1.2.4. DEFINITION. Let E' = {z;| i € I} for any index set I be a set of generators
and let the set E* := {z}| ¢ € I} be disjoint from E. We define the free *-algebra
P(FE) on the generator set as the algebra of all polynomials in £ and E* with
straightforward addition, multiplication and involution and with coefficients in C.

Let now R C P(E) be a set of polynomials in £ and E* and define J(R) as the
two-sided *-ideal generated by R. We say

A(E,R) := P(E)/J(R)

is the wniversal involutive algebra with generators E and relations R. For x €
A(E, R), we put

||z|| := sup{p(z)| p is a C*-seminorm on A(E, R)}.

If now ||z|| < oo for all x € A(E, R) we define

C*(E| R) = A(E, R)/{z € A(E, B) | =] =0}

as the universal C*-algebra with generators E and relations R and we say that the
universal C*-algebra C*(E | R) ewists.

The universal C*-algebra C*(FE | R) has the following universal property:

9
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1.2.5.

PROPOSITION. If B is a C*-algebra containing a set E' == {z}| i € I}

such that E' satisfies the relations R, then there exists a unique *-homomorphism
o : C*(F| R) — B with ¢(x;) = ..

1.2.6.

(i)

(if)

(iii)

EXAMPLE.

The universal C*-algebra generated by a single self-adjoint element does
not exist, since there exist self-adjoint elements with arbitrarily large norm

and therefore the map
A, x =2") - C
r—Yy

for y = 7 yields a family of seminorms

py(2) = |7Ty(z)|
such that

|z|| = sup {py(z)} = o0
y=yeC

for the generator z € A(z,z = x*).

For any n > 2 the universal C*-algebra
C*(ei, 1 <4, j <nej; = eji, €ijers = Ojxeir)

is isomorphic to M,,(C). A set of nonzero elements { f;;} in a C*-algebra A
satisfying the above relations is called a set of matriz units of type M, (C)
in A.

Taking the universal C*-algebra generated by an infinite set of matrix

units one gets the compact operators on a separable Hilbert space H:
C*(eij, 1,7 € N|ej; = eij, ejen = djreq) = K(H).
Let S be the unit circle. Then
C(SY = C*(u, 1| u*u = uu* = 1),

i.e. the continuous functions on the unit circle are just the universal C*-
algebra generated by a unitary. This universal C*-algebra does exist, since
we have p(u) < 1 for any C*-seminorm p and a unitary element u and
since it suffices to check the finiteness of the norm on generators.
Whenever we add a 1 to the generators, we implicitly also add the
relations 1 = 12 = 1* and the relations that 1 actually is a unit with
respect to multiplication.
There is also a universal C*-algebra generated by a single isometry, called

the Toeplitz algebra.
T =C"(v,1|vv=1).

10
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One can see that the ideal generated by 1 — vv* is isomorphic to the com-
pact operators K (H) on a seperable Hilbert space H by checking that the
elements e;; = v'(1 — vv*)v* satisfy the relations mentioned in Since
we also have T /(1 — vv*) = C(S') we get that the following sequence is
exact:
0— K(H)— T —C(S") —o.
(v) For a discrete group G the maximal group C*-algebra C*(G) can be ex-

pressed as a universal C*-algebra:
C*(G) = C*(uy, g € G | uy unitary, ugup = ugn, uy; = ug-1),

where u, = 1 for the neutral element e € G. We have for example that the
group C*-algebra of Z is just generated by a single unitary, i.e. we have
C*(Z) =2 C(S") and similarly we get C*(Z™) = C(T").

The group C*-algebra of the free group on n generators F,, is another
important example, which has the group C*-algebra C*(F,,) which is gen-

erated by n unitaries.

1.2.7. REMARK. In the case that all relations in R from Definition only
have integer coefficients it is also possible to consider the free *-algebra Pz(E) with
integer coefficients, since then the quotient Pz(FE)/J(R) is defined. Doing the rest
of the construction in the same way as above yields an integral universal C*-algebra
C3(E| R). Viewing the additive group of this algebra as a Z-module allows tensoring
over Z, from which it follows that C7(E| R) ® C is isomorphic as a *-algebra to
C*(E'| R). This is useful when doing computations on a computer, which we do

later, where we do computations over C3(F | R) ® Q.

An important fact about C*-algebras is the so-called GNS-construction, which
provides for any C*-algebra a concrete Hilbert space and a faithful representation
on this Hilbert space.

1.2.8. THEOREM (GNS Construction). Let A be a C*-algebra and ¢ be a state
on A. Putting

(€, 9)p = p(y"z) and N, = {z € A[ (z,z), = 0}

we obtain an inner product on K, = AJN, making it into a pre-Hilbert space.
Defining Wg(a) for a € A as the left-multiplication operator by a on AJN,, i.e.
putting
Wg(a)(:g +N,) =ax + N,

- 0 ‘ 0
we obtain a bounded operator 7)(a) with |7 (a)|| < |la| that evtends to a bounded

operator m,(a) on the closure H, = K_SD”'”“’. This m, is called the GNS representa-

tion of A associated to .

11
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There also exists a unique cyclic vector £, making the representation cyclic such
that p(a) = (m,(a)é,, &y). In the case where A is unital, this &, is just the image of
14 in H,. Otherwise, one can take the unique extension ¢ of ¢ to the unitisation A
with ||@|| = |l¢l|. Then one can identify H, with Hz and one can take &, to be &z.

From the above construction another important fact about C*-algebras follows.

1.2.9. COROLLARY. Every C*-algebra A admits a faithful representation m: A —
B(H). Therefore, A is isomorphic to a C*-subalgebra of B(H).

When considering tensor products of C*-algebras, there are a number of tech-
nicalities that have to be kept in mind. When given two C*-algebras, it is always
possible to take the algebraic tensor product of the two algebras. The question

about the C*-norm however is not quite so straightforward.

1.2.10. DEFINITION. Let A and B be two C*-algebras and denote by A® B their
algebraic tensor product. There are several ways to define a C*-norm on this tensor
product, of which we will mention the most important two.

For any Y "' ,a; ® b; € A® B, we put

Hiai@bi = SUP{HW(iCM@bi)
i=1 i=1

We then call A ®p0x B =A® Bl = the mazimal tensor product of A and B. The

norm || - ||max is, as the name suggests, the largest possible C*-norm on A ® B.
For the minimal tensor product A @i, B we put

IS wen }
=1

where the supremum is over all representations 7 : A — B(H) and 0 : B — B(K)
of A and B respectively. We then put A Quin B = A® Bl As above with the

maximal norm, we also get that || - || is the smallest possible C*-norm on A ® B.

max

|m: A® B — B(H) *—homomorphism} :

min

= sup{H(?T@U)(iai ® b;)

For the rest of this thesis, we will denote the minimal tensor product ®,;, by
the symbol ®.

1.2.11. DEFINITION. A C*-algebra A is called nuclear if for any C*-algebra B

we have
A ®min B=A O max B.

As a consequence of the minimality and maximality of the corresponding norms,
we get that there is only one possible C*-norm on A ® B and thus also only one

completion and we write

AR B = A Quin B=A Quax B.
1.2.12. EXAMPLE.

12
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e Any commutative C*-algebra A is nuclear.
e Finite dimensional C*-algebras are nuclear.

e The group C*-algebra of the free group 5 is not nuclear.

1.2.13. PROPOSITION. Let A and B be unital C*-algebras. Then their maximal

tensor product can be expressed as a universal C*-algebra as follows:
A ®max B = C"(a € A, relations of A,b € B, relations of B | ab=ba,14 = 1p).
Another form of products of C*-algebras are free products.

1.2.14. DEFINITION. Let A and B be C*-algebras.
e The C*-algebra

Ax B :=C"(a € A,be B] relations of A, relations of B)

is called the free product of A and B.

e If A and B are unital, one can form their unital free product
Axc B:=C"(a € A,b € B|relations of A, relations of B, 14 = 1p).

e Let C' be a C*-algebra and j; : C — A, jo : C < B be two embeddings.
Then the C*-algebra

AxcB = C"(a € A,b € B relations of A, relations of B, ji(z) = ja(z) for all z € C)

is called the amalgamated free product of A and B.

1.3. Compact Matrix Quantum Groups

In this section we collect basic facts about compact matrix quantum groups as
defined by Woronowicz [89], [91]. More on compact quantum groups can be found
in the books [65], [78]. We additionally use the expository paper [53], the PhD

thesis [52] and the lecture notes [83] as sources.

1.3.1. DEFINITION. A compact matriz quantum group (CMQG) G is a unital
C*-algebra C(G) equipped with a *-homomorphism A: C(G) — C(G) ® C(G) and
a unitary u € M,(C(G)), n € N, such that

(1) A(uij) = D5 wik ® uy; for all 4,
(ii) @ is an invertible matrix
(iii) the elements u;; (1 <i,5 < n) generate C(G) (as a C*-algebra).

The unitary w is called the fundamental corepresentation (matriz) of (C(G), A, u).
Since (i) and (iii) uniquely determine A, one can also refer to the pair (C(G),u) as

a compact matrix quantum group.

13
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If G = (C(G),u) and H = (C(H),v) are compact matrix quantum groups with
u € M,(C(G)) and v € M,(C(H)), we say that G is a compact matriz quantum
subgroup of H, if there is a surjective *~homomorphism from C' (H) to C' (G) mapping
generators to generators. We then write G C H. If we have G C H and H C G,
they are said to be equal as compact matrix quantum groups.

More generally, we say G is a compact quantum subgroup of H if there is a
surjective x-homomorphism ¢ from C(H) to C(G), no longer necessarily sending

generators to generators, satisfying
Aop=(p@p)oA.

The name compact matrix quantum group is justified since the commutative

CMQGs correspond exactly to the compact matrix groups.

1.3.2. PROPOSITION. Let G = (C(G),A,u) be a compact matriz quantum group
where u € M,(C(G)) for an n € N and assume that C(G) is commutative. Then
there exist a closed compact subgroup G' C U, (C) and an isomorphism ® : C(G) —
C(G") such that ®(u;;)(z) = xi; for allz € G" and alli,j =1,...,n.

For a proof of the above proposition see e.g. Proposition 6.1.11 in [78]. The
proof uses the Gelfand-Naimark Theorem and the fact that the compact space

X from Theorem [I.2.3] inherits a group structure from the comultiplication A.

1.3.3. EXAMPLE. The quantum symmetric group S;7 = (C(S;),u), which was
first defined by Wang [82] in 1998, is the compact matrix quantum group given by

C(Sf)=c" <uij | ui; = uj; = u;, Zuzk = Zum =1Vi,j=1,--- 777’)
and the x-homomorphism A is given by
k

It can be shown that the quotient of C (S;7) by the relation that all u;; commute
is exactly C'(S,). Moreover, S, can be seen as a compact matrix quantum group
Sn = (C'(Sy) ,u), where u;; : S,, — C are the evaluation maps of the matrix entries.
We then have S,, C S as compact matrix quantum groups, which justifies the name

“quantum symmetric group”.

1.3.4. REMARK. For n € {1,2,3}, one can see that the relations of S already
imply the commutation of all the generators, which means that for n < 4, we have
S, = St as compact matrix quantum groups. For n = 1 it is obvious since there is

only one generator, while for n = 2, the generator matrix is of the form

U1 1 —un
1—un U1

14
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and it is also immediate to see the commutativity.

For n = 3, only the commutativity of any generators in the same row or column
are immediate, for the rest of the generator pairs, one will have to do some compu-
tations. We give the computation for u;; and wusy here, the rest of the computations

are similar.
Uritioy = (1 — u1a — Ur3)usa (11 + uoy + usz1)

= U2U11 + U2U31 — UI3U2UTT — U13U2U3Y
= U1y + UgaUszr — Urz(1 — Upr — uog)ury — wi3(1 — u1g — ugo)us:
= U2U11 + U2U3] — UI3U3]
= gty + (1 — ugy — ugz)ugr — (1 — ugg — uss)us
= Ug2U11 + U3] — U3US3] — U3 + U23U3Y
= U22U711-

Here we repeatedly use the fact that the sum over rows or columns is equal to 1 and

the orthogonality of generators that are in the same row or column.

For n > 4 however, one can see that S;" is not commutative: let
A= C*(1,p,q| p,q projections )

be the universal C*-algebra generated by two projections. Mapping the generator

matrix u of S; to

0 0 q 1—gq

0 0 1—¢q q
we get a surjective *-homomorphism from C(S;]) to A by the universal property of
C(S]) which has a noncommutative image, and therefore C'(S;) is also noncommu-
tative. For n > 4 one can construct a similar x-homomorphism in the same way by
mapping to a matrix with @ in the upper left corner and the identity on the rest of

the matrix to match the dimensions.

1.3.5. DEFINITION. We call quantum subgroups of the quantum symmetric group

ST quantum permutation groups.

1.3.6. DEFINITION. We call any matrix that satisfies the relations of S;" a quan-
tum permutation matrix. In other words, a matrix u is a quantum permutation
matriz if all of its entries are orthogonal projections and the rows and columns of u

each sum up to 1.

In a similar way that S is a quantisation of S,,, it is possible to quantise the

orthogonal group O,, and the unitary group U,,.

1.3.7. EXAMPLE.
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e One can view the orthogonal group O,, as a compact matrix quantum group

defined via the universal C*-algebra

C(On) = C*(ugy, 1 < 4,5 < nfuy = ujj,u = (uy) orthogonal, all u;; commute).

In the 1990’s, Wang [80] defined the free orthogonal quantum group O;
by
C(Oy) = C*(ug, 1 < 0,7 < nfuyy = ujj,u= (ug) orthogonal).

The fact that u is orthogonal is equivalent to the relations
Z Uik Ujk = Zukiukj = 61‘]’ for all Z,j
k k

Checking the relations it is easy to see that both O,, and ST, and therefore
also S,,, are compact matrix quantum subgroups of O;.
e In the same article as above [80], Wang also introduced the free unitary

quantum group U,’ defined by the following universal C*-algebra:
CUT) :=C"(u,,1 <1i,j <nl|u,u unitary).
Equivalently, one can take the C*-algebra
C(UY) = C*(uij | u,u unitary).

The unitary condition on u is equivalent to the relations
Zulkujk = Z uyug; = 05 for all 7, j
k k
while the unitary condition on w gives the relations
Zufkujk = ZUMUZ] = 0;; for all 4, j.
k k

Unlike in the case where all u;; commute, the condition that @ is unitary

is not implied by the condition that u is unitary. In fact, the C*-algebra
C™(u;5 | w unitary)

does not define a CMQG, since u is not invertible, see Example 4.1 in [80].
One can see in the relations of U, that O; is just the quotient of U,
by the relation u = @ and we thus have O; C U .

In [14], Bichon defined the quantum analogue of the wreath product in order to
be able to describe the quantum automorphism group of identical copies of a graph.
It allows to construct new quantum groups out of any compact quantum group and

a quantum permutation group.

1.3.8. DEFINITION. Let G = (C(G),u) be a compact matrix quantum group
and let H = (C(H),v) be a quantum permutation group with u € M, (C(G)) and
ve M, (C(H)).

16
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The free wreath product Gl H = (C(G)*,C(H),w) is a CMQG where the funda-
mental corepresentation w is defined by (wjq ) = (UE?)Uab) € M, (C(G) %, C(H)).
Here u(® are copies of u and C(G) *, C(H) is the universal C*-algebra generated
by uz(j) , Ugp With the relations of the free product C(G) * C(H) and additionally the
relations ug;l)vab = vabul(-?).

1.3.9. EXAMPLE. The hyperoctahedral quantum group H,  is a quantisation of
the hyperoctahedral group H,, and was first defined by Bichon in [14] and further
studied by Banica, Bichon and Collins in [8]. It is defined as the free wreath product
of Sy with S;f :

C(H,) = C(S)uC(S,).

This is analogue to the classical hyperoctahedral group, which can be written as

Writing the hyperoctahedral quantum group as a universal C*-algebra is possible as
follows:

n n
C(H:[) = (v | U;‘j = vij,vf’j = vij,vak = Zvij =1).
i=1 j=1

More generally, one can even consider the quantum group H:*, which was in-
troduced in [3] as the quantum version of H and studied further in |11] where the
authors showed that

HY =74 S

n -

The above is equivalent to the following definition as a universal C*-algebra:
C(H) = C*(uij, 1 <i,j <n|u unitary, u unitary,
pij = uijuy; is a projection, ug; = py;).

These quantum groups H:" have some of the earlier quantum groups as special
cases: for s = 1, we get that H:" = S and for s = 2 we get H:" = HI.

1.3.10. ExAMPLE. In [11] it has been shown that for any n and any s, the compact
quantum group H:" is a quantum permutation group, i.e. there exists some N € N
such that H:* is a compact quantum subgroup of Sj. To illustrate this, we will
show here that H, is a quantum subgroup of Sy .

Let v be the fundamental corepresentation matrix of Hy . Then the elements
R V7 — v

pij = = and gy == =

are projections that satisfy
Vij = Pij — qij
and therefore also

2
Vij = Pij + Qij-
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We now put

P11 qun P12 Gi2

I qir Pun qi2 P12

' P21 Q21 P22 422

21 P21 422 P22
Then u' fulfills the relations of C'(S]) since all entries are projections and since
Pij + Gij = v% and we get the relations that rows and columns sum to one from
the corresponding relation from H, . The universal property of S; thus yields a
homomorphism mapping the fundamental representation matrix of S} to u/, and

since we can construct the v;; from the p;; and g;; it is also surjective.

1.3.11. REMARK. The theory of compact matrix quantum groups is embedded
in the larger theory of compact quantum groups, which was introduced later by
Woronowicz in [92] in the sense that every CMQG is also a compact quantum group.

A reason to study compact quantum groups is that while the dual of an abelian
group is always again a group, the same cannot be said for general groups, however
the dual of any group will always be a quantum group.

An important fact about compact quantum groups, and therefore also about
compact matrix quantum groups, is the existence of a Haar state, which corresponds

to the Haar measure of compact groups.

1.3.12. THEOREM. Let G = (C(G), A, u) be a CMQG. Then there ezists a unique
state h, called the Haar state of G

h:C(G)—C

satisfying

1.3.13. REMARK. In [51], the authors have computed the value of the Haar state
of quantum permutation groups on products of pairs of operators using only the size
of the orbitals of the quantum permutation group in question. Moreover, in [9], a
formula for the value of the Haar state on arbitrary monomials in O and U, was
proven, called the Weingarten calculus. This result was later extended to monomials

in any easy quantum group in [10].

Lastly, we want to introduce the representation theory of compact matrix
quantum groups. It is a known fact from group theory, known as Tannaka-Krein
duality, that any compact group can be recovered from its representation cate-
gory [32]. A similar statement was shown by Woronowicz for compact matrix
quantum groups [90] and later also in general for compact quantum groups by
Wang [81].
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1.3.14. DEFINITION. Let A be a unital C*-algebra with a unital *-homomorphism
A:A— A® A. A finite-dimensional representation of (A, A) is a matrix

v e My(A), m e N with A(v;;) = Zvik ® Ugj.
k=1

We say that v is non-degenerate if it is invertible and if it is unitary, then we call v
a unitary representation. Denote by H, the Hilbert space belonging to v such that
we have v € B(H,) ® A.

If G = (A A)is a CMQG, then the above defines finite dimensional representa-
tions of CMQGs.

1.3.15. EXAMPLE. For any compact matrix quantum group G = (C(G), u), the
fundamental corepresentation matrix u and the trivial representation 1 € C'(G) are

always representations in the sense of the above definition.

In order to construct the category of representations that we want to use later,

we will next define the morphisms of representations, which are called intertwiners.

1.3.16. DEFINITION. Let G = (C(G),u) be a CMQG and let v € B(H,) ® C(G)
and v' € B(H,)®C(G) be two finite-dimensional representations with dim(H,) = m
and dim(H,/) = m’. Then a morphism between v and ¢, called an intertwiner, is
given by a linear map 7' € B(H,, H,/) such that

Tv=vT.

We view T' as a matrix in B(H,,H,) ® C C B(H,,H,) ® C(G) and Tv and v'T
are the matrix products of the respective matrices. The representations v and v’
are called equivalent if m = m’ and if there exists an invertible intertwiner between

v and v. Moreover, we call the representation v irreducible, if every intertwiner
Tv =T is of the form T = X - id.

We next want to recall the decomposition properties of representations of com-

pact matrix quantum groups.

1.3.17. DEFINITION. Let G = (C(G), A, u) be a CMQG and let v € M,,(C(G))
and v' € M, (C(G)) be two finite dimensional representations of G.
e The direct sum of v and v’ is given by the matrix v ® v' € M, 1, (C(G)).

e The tensor product of v and v’ is given by the Kronecker product v ® v €
M,y (C(QG)) of v and V'

1.3.18. THEOREM ([65]). Let G = (C(G), A, u) be a CMQG.

(i) Every non-degenerate finite-dimensional representation of G is equivalent
to a unitary representation.
(i1) Every unitary representation of G decomposes into a direct sum of irre-

ducible finite-dimensional representations.
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We are now ready to consider the category of representations of a CMQG.

1.3.19. ProPOSITION ([|90]). Let G = (C(G),A,u) be a CMQG. We consider
the category of representations of G with the objects R being all finite-dimensional

unitary representations of G and the morphisms given by the set of intertwiners
Hom(v,v") ={T € B(H,,H,) | Tv=1'T}.

Taking the tensor product ® of representations and taking H, as the finite dimen-
sional Hilbert space such that v € B(H,) ® C(G) for v € R we get that the category
defined as (R, ®,{H,}ver, {Hom(v,v") }ywer) is a concrete monoidal W*-category

in the sense that we have:

(i) The identity operator id, = idy, belongs to Hom(v,v).
(11) Hom(v,v') is a linear subspace of B(H,, H,) for allv,v" € R.
(111) If S € Hom(v,w) and T € Hom(w, z) then ST € Hom(v, x).
(iv) For any T € Hom(v,v") we have T* € Hom(v', v).
(v) If H, = H, and id, € Hom(v,v") then v ='.
(vi) If S € Hom(v,v") and T" € Hom(w,w") then we have S ® T" € Hom(v ®
w, v @u').
(vit) We have associativity of @ on R, i.e. for any v,v',v" € R it holds that
(vRV)RV =v® (Vv ev").
(viii) The trivial representation 1 is in R with Hy = C and 1@ v=0v® 1 =v.

It is also complete, meaning that the following conditions also hold:

(iz) For any v € R and any unitary w : H, — K for a Hilbert space K, there
exists v' € Rep G such that Hy = K and w € Hom(v,v").

(x) For any v € R and any orthogonal projection p € Hom(v,v) there exists
v' € R such that Hy = pH, and i € Hom(v',v) where i is the embedding
H, — H,.

(xi) For any v,v' € R there exists a w € R such that H, = H, ® H, and
the canonical embeddings H, — H, ® H, and Hy, — H, ® H, are in

Hom(v,w) and Hom(v',w) respectively.

In addition to the above properties, R is rigid in the sense that for each v € R there
is a conjugate T € R satisfying that there ezist intertwiners S € Hom(1,v ® ) and
T € Hom(1,v ® v) such that

(S*®id,) - (id, ®T) =id, , and (T* ® idy) - (idy ®S) = idy .

Moreover, we have that the set consisting of the fundamental corepresentation and
its conjugate {u,u} generates R. Here, we say a finite subset () C R generates R if
for any s € R, there are morphisms by, € Hom(q%k) e qu), s), k=1,...,m for some

q§k), e qu) € Q such that ), bib; = id, € Hom(s, s).
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We have now seen what the representation category of a compact matrix quan-
tum group looks like. In the spirit of Tannaka-Krein duality, we will now see that

any category of this form will in turn yield a compact matrix quantum group.

1.3.20. THEOREM (Tannaka-Krein duality for CMQGs, [90]). Let a concrete
monoidal W*-category be given by R = (R, ®,{H,}ver, {Hom(v,v") }y wer) with an
object u € R such that {u,u} generates R. Then there exists a CMQG G = (C(G),u)
such that R = Rep(G), where R is the completion of R.

1.3.21. REMARK. A class of categories in the sense of the above theorem can be
constructed using partitions. Using this together with Tannaka-Krein duality, easy
quantum groups were defined in [10] as those compact matrix quantum groups lying
between S,, and O, whose representation category arises as a partition category.
These have been completely classified in [71]. This approach has been developed
further and studied in [57], [58], [59], [60] by adding colours to the partitions and
in [20], [35] by adding a third dimension to the partitions.

1.4. Nonlocal Games

In this section we introduce the concept of nonlocal games to study the advan-

tages that using quantum resources can give over just using classical resources.

1.4.1. DEFINITION. A two-party nonlocal game includes a verifier and two play-
ers, who are by convention called Alice and Bob, who devise a cooperative strategy.
The game is defined by finite input sets X 4, Xp and finite output sets Y4, Y, which
are associated to Alice and Bob respectively, a Boolean predicate V: X4 x Xp x
Y4 x Y — {0,1} and a distribution 7 on X4 x Xp.

In the game, the verifier samples an input (z4,xp) € X4 x Xp using the distri-
bution 7 and sends x4 to Alice and xg to Bob. The players then respond with y4

and yp respectively. The game is said to be won if V(z4,xp,y4,y5) = 1.

In a nonlocal game, the players can devise a strategy beforehand, but can-
not communicate after receiving the input. We distinguish the strategies based
on whether the players are given access to quantum resources or not. In order
to describe the probabilistic nature of strategies, one usually describes them using

correlations of the potential outputs given the inputs.

1.4.2. DEFINITION. Let a nonlocal game be given by G = (X4, Xp, Ya, Y, V, 7).
e A deterministic strategy is determined by two functions
fA X4 — Yy
I X — Y5,
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one for Alice and one for Bob completely specifying the answers for given

inputs. The corresponding correlations are of the form

1ifys = fA(IA)a Yy = fB(xB>7
p(Ya,ys| x4, 28) = .
0 otherwise.

o A classical strategy is determined by correlations of the form
p= Z AiDi

where ) .\, = 1 with \; > 0 and all p; are correlations coming from de-
terministic classical strategies. In particular, every deterministic strategy
is a classical strategy. Those classical strategies that are not deterministic

are referred to as non-deterministic classical strategies.
In order to describe quantum strategies, we need to introduce some more notions.

1.4.3. DEFINITION. The state space of a quantum system is given by a Hilbert
space H. A (pure) state in H is a unit vector ¢» € H. If a system is in state 9,
one can extract information from it by performing measurements on . This can
be modeled using Positive Operator-Valued Measures (POVMs). A POVM M is a

family of self-adjoint positive linear operators on H
M={M; e B(H)|ie{l,...,m}}
for m € N such that .
> Mi=1.
i=1

The possible outcomes of the measurements are labelled by the indices of the oper-

ators and the probability of obtaining outcome i is given by
Py (i) = M.
The conditions that the operators sum to one and that they are all positive ensure

that this defines a probability distribution. If all the operators M; are orthogonal

projections then we call M projective or a projective valued measure (PVM).

1.4.4. DEFINITION. Let H; and Hs be two Hilbert spaces. If a quantum system
has state space H; ® Hy, we say that it is a joint system. A state ¢ € H; ® Hy is
said to be separable if it can be written as ¢ = 11 ® 1y for 11 € Hy and 1o € Hy and
entangled otherwise. An example of an entangled state is the so-called mazimally

entangled state
d
1
Ya = €i®€i€(cd®(cd,
Vi

where ¢; is the i-th standard basis vector.
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1.4.5. DEFINITION. Let a nonlocal game be given by G = (X4, X5, Y4, Y5, V, 7).
For a quantum commuting strateqy Alice and Bob share a Hilbert space H and a
pure state ¢ € H. Moreover, they both have families of POVMs

Ay, ={As,ya | ya € Ya} for each 24 € X4
B

B

={B,, s | ys € Yp} for each 25 € Xp

satisfying that all of Alice’s measurement operators commute with all of Bob’s mea-
surement operators. Upon receiving a question x4, Alice will then perform the
measurement A, , and receive an outcome y,4, which will be her answer. Bob will
act correspondingly with his measurements. The probability of Alice and Bob an-

swering with y4 and yg upon receiving the questions x4 and xp is then given by

p(yAv yB|5BAa IB) = w*A$A7Z/ABCCB7wa'

1.4.6. REMARK. Sometimes, one only considers the special case where the Hilbert
space H is the tensor product of two finite-dimensional Hilbert spaces H = Hx® Hp.
All of Alice’s operators are then of the form A,,,, ® 1 for A,,,, € B(Hy4) and
for B € B(Hg). The operators of

Alice and Bob then automatically commute. The kind of strategy as detailled above

Bob’s operators are of the form 1 ® B

TB,YB TB,YB

is called quantum tensor strategy. One can show that if a quantum tensor strategy
uses a separable state then one can not gain any advantage over classical strategies.
In this thesis, we only consider the more general setting of quantum commuting

strategies.

When studying nonlocal games there are many things one can consider, such
as what is the best possible winning probability a certain family of strategies can
achieve? Are there advantages one can gain when playing multiple rounds? We
however want to mostly consider so-called perfect strategies and only consider the

case where only one round is played.

1.4.7. DEFINITION. Let G be a nonlocal game. A strategy for G and its defining
correlation p are called perfect if it wins for every possible input. In other words,
they are perfect if for every losing combination of inputs and outputs, the probability

of obtaining this combination according to p is zero:
V(za,28,94,y8) =0 = p(ya,yp| a,78) = 0.

Note that when checking whether there exists a perfect classical strategy, it

suffices to only consider deterministic strategies.

1.4.8. LEMMA. A nonlocal game has a perfect classical strateqy if and only if

there exists a perfect deterministic strategy for the game

PRroOOF. First note that any deterministic strategy is in particular a classical

strategy and therefore one implication is immediate. For the other implication, let
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a perfect classical strategy be given by the correlation p = >, A\;p;. We claim that
each of the correlations p; must belong to a perfect deterministic strategy. Indeed,
assuming that one of the p; did not come from a perfect strategy would imply that
there exist some inputs and outputs such that

pi(yA;yB | xA,.TB) > ( for which V(JIA,IB7yA,yB) = 0.

But since all \; must be larger than zero we then get

P(Ya,ys | xa,28) > A\ipi(ya,ys| xa,25) > 0,

which is a contradiction to the assumption that p belonged to a perfect strategy.
Therefore, each p; must be a perfect correlation and in particular at least one perfect
deterministic strategy exists. 0

1.4.9. EXAMPLE. An important example of nonlocal games is the CHSH-game,
introduced in [25] as an experimental verification of the existence of entanglement.
It goes as follows: The verifier uniformly and independently samples two bits z,y €
{0,1} and gives = to Alice and y to Bob. Alice and Bob now respond again with
two bits a,b € {0,1} and win, if the following equation holds:

r-y=a®db,

where @& denotes addition modulo 2. One can easily see that the optimal winning
probability for this game when only using classical strategies is 75%.

Using the following quantum strategy however, one can get a higher winning
probability: Alice and Bob share the state ¢ = \%(61 Re;+eyRey) € C2@C? and
associate the following measurements to the possible questions:

10 0 0
Ao = { Ay = , Aot = ,
0 = {Aoo 0 0) 01 (0 1)}
11 1 _1
A = {Aw = i i , A= _21 12 },
2 2 2 2
Ly 1 1 1_ 1 __1_
By={Boo=(* > 12\/1)’301:<2 e l+2£>}a
2v/2 2 22 Tov2 2T o
l_i_L __1 1_ 1 _1_
By = {Big = ? fﬂ Ni , Bu = 222 22 }

Here we labelled the elements of the POVMs with their corresponding question and
answers, i.e. upon being asked the question “0”, Alice will perform the measurement
Ao and receive either 0 or 1 as answer, with probability ©¥*Agy ® 11 or ¥*Ag ® 11
respectively. Similar things hold for Bob. Assuming now, that both Alice and Bob

receive the question x = 0 = y, we can compute the result of the measurement
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Ay ® By and get

p(07 0 ’ 07 0) = ¢*A00 & Boo¢

1 {10 itss 9
:—(€1®€1+€2®€2) ® 1 1 (€1®€1+62®€2)

1
2 0 0 Wi 2o
1 0 1+L 1
= S(e1®e1)" 00 ® | 12‘/§ 12\/51 e1®e; +0
3 354

1 1
The probability of both Alice and Bob answering with “0” is therefore given by
p(0,01]0,0) = %(% + =1=). Doing the same computation for 1)* Ay ® By1¢ yields the

2V2
same probability for both Alice and Bob answering with “1” and we get all in all

N = N =

that the probability of Alice and Bob winning, i.e. answering with the same answer,
is % + ﬁi ~ 0.85. Going through all other possible combinations of questions one
can now compute that the probability to win always stays at % + ﬁi and we see
that the winning probability when using this quantum strategy is thus higher than

the best possible winning probability with any classical strategy.

1.4.10. EXAMPLE. In [2], a nonlocal game was introduced, that captures the
notion of graph isomorphism when using classical strategies and therefore allows
a natural extension of the notion of graph isomorphism, by considering quantum
strategies. We present here a variant of the game, where the input and output graphs
are fixed, rather than taking as question and answer sets both graphs simultaneously.
However, the analysis of the game remains largely the same. Given two graphs, I'y
and I'y both on n € N vertices, the (I', I'y)-isomorphism game is defined as follows:
The verifier uniformly samples two vertices x4, 25 € V(I'1) and gives them to Alice
and Bob respectively. Alice and Bob then respond with vertices ya,yp € V(I'y).

Alice and Bob win the game, if two conditions are met:

(i) za~2p <= ya~ys

(ii) za = v <= ya =Ys.
Also in [2] it was shown that there exist graphs that are quantum isomorphic that
are however not classically isomorphic.

The isomorphism game however is not the only nonlocal game on graphs. In [56],
the authors define a graph homomorphism game Hom(I'1,I's) as a generalisation of
the graph coloring game for which a perfect classical strategy exists if and only if
there exists a homomorphism from I'; to I';. They use this game to define quantum
homomorphisms of graphs and to then define new quantum variants of different

established graph parameters, such as the quantum chromatic number.

In this thesis, we are mostly concerned with a certain type of game, namely

synchronous games, where the rules of the game are symmetric for the two players
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and where in particular, when asked the same question they must answer with the

Salne answer.

1.4.11. DEFINITION. A nonlocal game is called synchronous, if the input sets and
the output sets are the same for both players, i.e. if X = X, =X, VY =Y, =Y3
and if additionally both players must give the same answer upon receiving the same
question, i.e. V(y;,y2,z,x) =0 for all z € X and y; # yo € Y.

We formulate these games as synchronous games since for synchronous games,
we have additional information about their perfect quantum commuting strategies.
The following result is part of the analysis in [69] and was formulated as a lemma
in [2].

1.4.12. LEMMA. Let a synchronous game with input sets X, output sets Y and
verifier function V' be given. Then a perfect quantum commuting strategy for the
game exists if and only if there exist a unital C*-algebra A admitting a faithful
tracial state and projections E,, € A for (x,y) € X XY satisfying:

(i) ZyGY Loy = 1.
(it) EyyEyy =0 if V(y,y' | z,2") = 0.

1.4.13. REMARK. Recently, a generalisation of nonlocal games has been stud-
ied [18], [79] no longer only allowing classical input and output sets but now also
allowing to replace either or both of those to be a “quantum set”. When given finite
sets X and Y we denote by My the matrices over C indexed by the elements of
X ® Y. One can then quantise the input and output sets of the nonlocal game by

looking at the projection lattices in Mxy:
Pxy ={P € Mxy| P is a projection}.

Looking only at the diagonal matrices in My, denoted by Dxy, one obtains the

diagonal projection lattices which correspond to the classical sets:
PY, = {P € Dxy| P is a projection}.

For projections P and (), one moreover defines the join PV Q) of P and () as the
projection with the range being the span of the union of the ranges of P and Q).
Quantum nonlocal games are now identified with their rule function and for finite
sets X,Y, A and B we say a map ¢ : Pxy — Pap is a quantum nonlocal game if
©(0) = 0 and if it is join continuous, i.e. (\/,c; ;) = V,e; ¢(F;) for an index set
I. A classical nonlocal game is then a join continuous map ¢ : Py, — P9y with
©(0) = 0 and we can also define classical to quantum (resp. quantum to classical)
nonlocal games as join continuous maps ¢ : Py — Pap (resp. ¢ : Pxy — Pig)
satisfying ©(0) = 0. In [79] the authors introduce these games and study quantum

non-signalling strategies for these quantum nonlocal games and in [18] the authors

26



CHAPTER 1. PRELIMINARIES

study possibilities to generalise the concept of synchronous games to the field of

quantum nonlocal games.
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CHAPTER 2

Quantum Automorphism Groups of Graphs

In this section we will review some of the existing results around quantum au-
tomorphism groups of graphs and also collect some techniques that can be helpful

when studying the quantum automorphism group of a concrete graph.

2.1. Basic Definitions

Quantum automorphism groups of graphs were defined by Banica in [4].

2.1.1. DEFINITION. Given a graph I' on n vertices, its quantum automor-
+ (T')), u), where

phism group G},
C(G1,(I")) is the universal C*-algebra with generators u;;, 1 < i,j < j subject to

(T') is the compact matrix quantum group (C(GY,

aut

the following relations:

(2.1.1) i = up; = ug; 1<ij<n

(2.1.2) D =1= u 1<i<n
k=1 k=1

(213) UijUR] = URIUiy = 0 1~ k’,j 7(‘ l

(214) UijUER] = URUiy = 0 1 '74 k,j ~ 1.

To see the connection to the classical automorphism group of I'; the relations above

can equivalently be written as

C(G.(T)) = C*(uy; = uj; = ul, Zu’k =1= Zu’“’ 1 <i<n,Aru = uAr),

k=1 k=1
where Ar is the adjacency matrix of I'. The equivalence of the two definitions has

e.g. been shown in Proposition 2.1.3 in [75].

2.1.2. REMARK. In [13], Bichon gave a slightly different definition of quantum
automorphism groups of graphs: in his definition, the relations from [2.1.1] stay the

same but there is the additional relation
Ui = Uty forall i~k 7~ 1.

This defines a quantum subgroup of Banica’s quantum automorphism group. In this

thesis, we will only be considering Banica’s version.

As can be seen immediately from the definition, any quantum automorphism

group of a graph on n vertices is a quantum subgroup of the quantum symmetric
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group S;7. Moreover, taking the above definition for a given graph I' and adding

commutation relations, one can see that
C(Gaue (D)) /uiguny = wrui; Vi, j, k, 1) = C(Gau (L)),

and therefore we have G ,.;(I') C G, ,(T'). The interesting question to study is now
when the relations of Definition already imply commutativity and when they
do not, i.e. in which cases the quantum automorphism group of the graph is actually
bigger than the classical one.

Since for n < 3 the relations of S already imply commutativity of all generators,

this question is only sensible as soon as n > 4. This leads to the following definition.

2.1.3. DEFINITION. Let I' be a graph. We say I' has quantum symmetries if

C(G/,, (")) is noncommutative. On the other hand we say I' has no quantum sym-

metries, if C(G/,,(I')) is commutative, i.e. if GI,(T) = Gaui(T).

aut aut

2.1.4. EXAMPLE.

e The cycle on 4 vertices C; has quantum symmetries. To see this, we will

label the vertices of Cy as follows:

1 2
4 3
Now taking the matrix
P 0 1—-p O
N 0 q 0 1—¢q
U=
1—p 0 P 0
0 1—gq 0 q

in the universal C*-algebra A := C*(p,q, 1| p,q projections) one can get

a surjective *—homomorphism from C(G,,,
+

aut

(C4)) onto A by mapping the
generator matrix u of C'(G,,;) to @. Since pg # gp in A this proves the
noncommutativity. One can show that G ,(Cy) = H; .

e For any other cycle C,, with n # 4 one can see that it does not have
quantum symmetries, i.e. all C(G/,,(C,)) are commutative, as was shown
by Banica in Corollary 4.1 in [4].

e In [74] it was shown that the Petersen graph, an important example for

many graph properties, does not have quantum symmetries.

2.2. Tools for Computing Quantum Symmetries

In this section we collect some lemmas that can be helpful when trying to decide

for a concrete graph, whether or not it has quantum symmetries. Some of them
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come from the PhD thesis of Schmidt [75] while others are from an article by the
author of the present thesis [73].
The first lemma is essential in a lot of the proofs of commutativity of quantum

automorphism groups of graphs in this work. It has appeared for example in [75].

2.2.1. LEMMA. Let A be a C*-algebra and a,b € A be self-adjoint elements. If
we have

ab = aba

then a and b commute.

PROOF. Since aba is self-adjoint the claim follows immediately. 0

The next lemma provides an easy to check criterion that implies that a given

graph has quantum symmetries.

2.2.2. LEMMA (Theorem 3.1.2 in [75]). Let I' be a graph. If there exist two non-
trivial, disjoint automorphisms in Aut(I"), then I" has quantum symmetries and its

quantum automorphism group is infinite dimensional.

The above lemma however is not a complete characterisation of graphs with
quantum symmetries, as there are graphs without disjoint automorphisms that do
have quantum symmetries, as has been for example shown in [75].

The next lemma is a quantisation of the fact that any automorphism of a graph
has to preserve the distance of any pair of vertices.

2.2.3. LEMMA (Lemma 3.2.2 in [75]). Let ' be a finite, undirected graph and
let (uij)1<ij<n be the generators of C(Gf,(T)). If we have d(i,k) # d(j,1), then
UijUR = 0.

The following two lemmas are quite technical, however they allow the simplifica-
tion of some computations, and in particular their conditions can easily be checked
by a computer, which can allow a certain amount of automation in the computation

of the existence of quantum symmetries.

2.2.4. LEMMA (Lemma 3.2.8 in [75]). Let I" be a finite, undirected graph and let
(wij)1<ij<n be the generators of C(G¥, (). Let d(i,k) = d(j,1) = m. Let q be a
verter with d(j,q) = s, d(g,l) =t and ugueg = Uagug for all a with d(a, k) = t.
Then

Uij UK = Ui U] Z Usp-

p; d(l,p)=m,
d(p,q)=s

In particular, if we have m = 2 and if G}, (') = G

aut aut

(') holds, then choosing
s =1t =1 implies
UijUk = Ui UKL Z Uip-

p; d(p,l)=2
pq
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2.2.5. LEMMA (Lemma 3.2.9 in [75]). Let I' be a finite, undirected graph and let
(ui)1<ij<n be the generators of C(GY,(T)). Let d(i,k) = d(j,1) = m and let p # j
be a vertex with d(p,l) = m. Let q be a vertex with d(q,l) = s and d(j,q) # d(q,p).
Then

(0271 E Ukt | Uip = 0.

t;d(t,5)=d(t,p)=m
d(t,q)=s

FEspecially, if | is the only vertex satisfying d(l,q) = s, d(l,j) = m and d(l,p) = m,
we obtain wijugu;, = 0.

The following lemma is a relatively simple statement about a vanishing monomial
that first appeared in an article by the author of this thesis [73].

2.2.6. LEMMA (Lemma 2.1.6 in [73]). Let I' be a finite, undirected graph and
let (ui;) be the generators of G, (T). Let i,j,k,l,p,q € V(T) be vertices such that

aut
d(p,q) # d(j,q) and ugu,, = uyqug for any vertex r € V(I') with d(i,r) = d(p, q).
Then it holds that

UijUplUip = 0.
Proor. We observe that

Ui j Uk Wip = Uiy U] E Urq Usp
reV(T)
d(i,r)=d(p,q)

= Uyj E Upq Ukl Usp
reV (D)
d(i,r)=d(p.q)

-~
=0

J/

=0.

Here, the commutation of u; and w,, is by assumption and the fact that u;;u,q = 0
is due to the fact that d(i,r) = d(p, q¢) # d(j, ¢) by assumption.
O

The next lemma is an adaptation of Lemma 3.2.4 in [75] for a less general case,

the proof however is the same.

2.2.7. LEMMA (Lemma 3.2.4 in [75]). Let ' be a graph and (u;;)1<i j<n be the gen-
erators of C(G/,(T)). Let j1,11, ja, la be vertices in T' such that d(j1,1,) = d(ja,l2).
If we have wgj up, = Wpi,Uaj, for all a,b € V(I') and there exists an automorphism
© € Gaut (L) such that ¢(j1) = jo and p(ly) = la, then we get

Ugjy Ubly = UplyUqjy fOr all a,b € V().

For vertex-transitive graphs the above lemma leads immediately to the following

corollary:
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2.2.8. COROLLARY. Let I' be a wertez-transitive graph and (u;j)1<ij<n be the
generators of C(G/,,(I')). If there exists a vertex jo € V(I') and a distance m such
that for all vertices | € V(I') with d(jo,1) = m we have commutation of u;j, and uy
for any vertices i, k € V(I'), then it already holds that for all vertices i, j,k,l € V(I)
we have

d(j,1) =m = ujup = upu;.
In particular, if u;j, commutes with all other generators uy of C(G1,.(T)), then

I' does not have quantum symmetries.

PRrROOF. Let j',I' € V(I') be vertices of I" such that d(j’,') = m. Since I is
vertex-transitive, there exists an automorphism ¢ of I' that maps jo to j’. Since ¢

is an automorphism, the preimage of Iy := ¢~ 1(I') of I’ must satisfy
d(jo, lo) = d(j/, l/) =m.

By assumption, we know that w;j uk, = wk,uy, for any i,k € V(I'). Applying
Lemma we get that also ug); and w,gyr commute. Since i and k were

arbitrary, we also get w;jugy = ugpu;y for arbitrary i, k € V(I'). O

As seen in Lemma the distance between vertices matters when looking at
the generators of the quantum automorphism group of a graph. The simplest case to
consider when looking at distances is the neighbour. Because of this, a few lemmas
were found concerning common neighbours of vertices.

The following two lemmas provide an easy way to see the commutation of all
generators for adjacent vertices by looking at the structure of the graph, namely the

existence of quadrangles and triangles.

2.2.9. LEMMA (Lemma 3.2.5 in [75]). Let I' be an undirected graph that does not
contain any quadrangle. Then for vertices ¢ ~ k and j ~ [ the generators u;; and

Ug; commute.

2.2.10. LEMMA (Lemma 3.2.6 in [75]). Let I be an undirected graph such that
adjacent vertices have exactly one common neighbour. Then for vertices i ~ k and

J ~ 1 the generators u;; and uy commute.
The above lemma can be generalised a bit.

2.2.11. LEMMA (Lemma 2.3.3 in [73]). Let I' = (V, E) be an undirected graph
and let (u;j)1<i j<n be the generators of C(Gf,(T)). Let i, j, k,l €V be vertices of T
such that (i, k) € E and (j,1) € E. Let moreover i and k have ezactly one common
neighbour p and let it hold that for any two vertices from the set {i,k,p} the third
vertex from the set is the only common neighbour of the two, i.e. the only common
netghbour of i and p is k and the only common neighbour of k and p isi. Let j and
[ also have exactly one common neighbour q and let the same as above hold for the

set of vertices {j,1,q}.
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Then w;jug = Uy tj.

PROOF. The proof is the same as the one of Lemma [2.2.10| which was given in
the PhD thesis of Schmidt [75]:
Using the relations of C(GY. (")), we get

aut

UjjUgl = Ujj Ukl E Uiq-
a;(l,a)eE

We want to show that u;jugu,, = 0 for a # j, (a,l) € E. First, we consider ¢, the
unique common neighbour of j and I. We note, that for any vertex b # [ we have

(7,b) ¢ E or (q,b) ¢ E, since [ is also the only common neighbour of j and q. We

Ui Ukl Usqg = Uy < E ukb> Uiqg = uz-jluiq = UijjUiqg = 0.

b
Let now a ¢ j,q and (a,l) € E. Then it holds that

Ui Ukl = Uiy ( E Upb> Ukl = UjjUpq Ul
b

since p is the only common neighbour of 7 and k while ¢ is the only common neighbour

deduce

of j and [. As j is the only common neighbour of [ and ¢ and we have that (a,l) € E,
we deduce that (a,q) ¢ E. We thus get

0= UpqUia = Upq ( E ucl) Ui = UpqUkiUiq

c

since (7,p) € E but (a,q) ¢ E and since k is the only common neighbour of p and 4.
Using the two equations we deduced above, we get
U Uk WUiq = UjjUpgUkiUiq = 0.
We thus get for all a # j that
Ui j UK Ui = 0.
Finally, we get

UijURL = Ugj UL ( g uia) = Ui Uk Us

a

and thus we get by Lemma that w;jur = wpt;. O

We introduce a new notation to make some statements and computations more

compact:

2.2.12. DEFINITION. Given a graph I' and vertices i, j of I, we denote by CN(i, j)

the set of all common neighbours of ¢ and j, i.e. all vertices k of I' such that both
i~k and j ~ k hold.

The following lemma again yields an easy to check criterion for a certain product

of generators to be zero.
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2.2.13. LEMMA (Lemma 2.3.5 in [73]). Let I" be a finite, undirected graph and let
(wij)1<ij<n be the generators of C(Gf,(T)). Let i,j,k,1 €V be vertices in T.
If |ICN(i, k)| # |CN(7,1)| then we already have

Ui Ul = 0.

PRrOOF. We set a = |CN(i, k)| and b = |CN(j,1)| and observe:

Q- UiUg = E Uyj E UpqUki
PECN(4,k) q€CN(j,0)
A

~\~
=UjjUkl

= Ugj E E UpqUi

pECN(i,k) gECN(4,)

= E: Uij E Upq Ukl

qeCN(j, l) peCN(i,k)

J/

—u:;ukl
=b- Ui UKL -
Since by assumption we had a # b, we get that w;;u, = 0. U

This lemma leads to the following corollaries.

2.2.14. COROLLARY. If 1,7, k,1,p are vertices in I' and |CN(j,1)] # |CN(l,p)|
then

U j Uk Uip = 0.

Proor. If |CN(i, k)| # |CN(j,1)| then we have w;uy = 0 and thus also
wijugy, = 0. Otherwise we have |CN(i, k)| = |CN(j,1)| # |CN(l,p)| and thus
Uty = 0 and thus uuu;, = 0. O

2.2.15. COROLLARY. Let I' be a finite, undirected graph and let (w;;)1<ij<n be
the generators of C(G1,(T)). If i,j,k,1 € V are vertices of T with (i,k) € E and
(7,1) € E such that i and k have at least one common neighbour, but j and l do not

have a common neighbour, then
Uij Ukl = Ukl Uij = 0.

In other words, if i and k are part of the same triangle but 5 and | are not, then the

product of u;; and uy 1s zero.

PROOF. Ifi and k are part of the same triangle, then in particular |CN(i, k)| > 0,
while |CN(7, )| = 0, since they are not in the same triangle. Applying Lemma|2.2.13]
we get Uiy = 0 = up ;. OJ

2.2.1. A strategy for deciding quantum symmetries. In this section we
want to give a short checklist of steps to take when one has a given graph I'" and

wants to decide, whether it has quantum symmetries.
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1. First, one should check, whether I' has disjoint automorphisms. If yes,
then by Lemma it has quantum symmetries.

2. If ' does not have disjoint automorphisms, it is not clear, whether or not I'
has quantum symmetries. However, it seems to be a good idea to first try
to show that it does not have quantum symmetries, i.e. that C(G/,,(T")) is
commutative. The following can serve as a strategy for this.

2.1. By Lemma , it suffices to show w;;ur = wku;; only for vertices
that fulfill d(7, k) = d(j,1). One can thus fix a distance m = d(i, k) =
d(7,1) and try to show commutativity for vertices in this distance.

2.2. For m = 1, the first thing to check is whether Lemma [2.2.9) or
Lemma [2.2.10] are applicable, because these already yield commuta-
tivity for this case.

2.3. In the next step, one can check whether using Lemmas [2.2.4] or [2.2.5
one can get u;;uy = U;uptt;; by showing that u,;ugu;, = 0 for p # 7.
This is a task that can easily be delegated to a computer and can
therefore be applied to all possible combinations of generators easily.

2.4. If the results of Lemmas [2.2.4] and [2.2.5| only yield partial results, i.e.
they only show u;;uiu;, = 0 for some of the vertices p, one can try to
use Corollary to show it for the rest.

2.5. If at any point one has shown u;;uy = upu,; for any generators, one

can use Lemma to propagate this to other pairs of generators.
2.6. Any remaining pairs of vertices will have to be considered individually,
potentially using a combination of Lemmas [2.2.4] 2.2.5 [2.2.7] and

Corollary [2.2.14]

2.3. Some Known Results

We collect some previous results on quantum automorphism groups of graphs.
The choice of results presented is however somewhat arbitrary and not exhaustive.

Shortly after defining quantum automorphism groups of graphs, Banica and
Bichon computed the quantum automorphism group for all vertex-transitive graphs
on < 11 vertices except the Petersen graph in [6]. Later, in [74] Schmidt showed
that the Petersen graph does not have quantum symmetries. Meanwhile Chassaniol
computed the quantum automorphism groups of all vertex-transitive graphs on 13
vertices in [22] and [23].

2.3.1. LemMA ([6], [22], 23], [74]). The quantum automorphism groups, and
therefore also the existence of quantum symmetries, are known for all vertex-

transitive graphs on < 11 and on 13 vertices.

In Section [4, we give a more detailed overview over these results on vertex-

transitive graphs.
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In [8], Banica, Bichon and Collins moreover compute the quantum automorphism
groups of cube graphs and in [7] Banica, Bichon and Chenevier show that certain
circulant graphs on a prime number of vertices do not have quantum symmetries.

In a recent paper by van Dobben de Bruyn, Nigam Kar, Roberson, Schmidt and
Zeman, a different important class of graphs, namely trees, has been completely

characterised in terms of their quantum automorphism groups.

2.3.2. THEOREM ([30]). The class T of quantum automorphism groups of trees
can be constructed inductively in the following way:
(i) 1eT.
(i) If G,H € T, then also GxH e T.
(i) If G € T, then also G, S € T.

The proof they give is constructive and they also give a polynomial-time algo-
rithm that can calculate the quantum automorphism group of any tree.

Another important recent result is a paper by van Dobben de Bruyn, Roberson
and Schmidt that answers a question that has long been of interest: are there

asymmetric graphs that have quantum symmetries?

2.3.3. THEOREM ([31]). There is an infinite sequence of non-isomorphic graphs
Iy for i € N such that T'; has quantum symmetry but Ga.(T;) is the trivial group
for all i € N.

The question whether there are asymmetric graphs with quantum symmetry can
be extended to the question whether there are any groups such that when a graph
has this group as automorphism group, the graph can not have quantum symmetries.

Also this question was answered in the same paper.

2.3.4. THEOREM ([31]). Let G be a finite group. Then there exist graphs I'y and
[y such that Gaw (L) =2 G fori=1,2 and G,,(T1) = G (T1) but Ty has quantum

aut

symmetries.

In [51], Lupini, Mané¢inska and Roberson show a quantum analogue of the state-

ment by Erdés and Rényi in [34] that almost all graphs have trivial automorphism

group.

2.3.5. THEOREM ([51]). Let T" be a random graph on n vertices. The probability

that I' has non-trivial quantum automorphism group goes to zero asn goes to infinity.

Moreover, Mancinska and Roberson study the intertwiner spaces of quantum
automorphism groups of graphs in [55], which have also been studied by Chassaniol
in [22], [23].

In [42], Gromada studies quantum automorphisms and quantum isomorphisms

of Hadamard matrices and the corresponding Hadamard graphs.
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2.3.6. THEOREM ([42]). Let H be a Hadamard matriz of size N. If N > 4, then

both H and its corresponding Hadamard graph have quantum symmetries.

The following result has been independently shown by Gromada [42] and by
Chan and Martin [21].

2.3.7. THEOREM ([21], [42]).

e All Hadamard matrices of a fixed size are mutually quantum isomorphic.

e All Hadamard graphs of a fized size are mutually quantum isomorphic.

In [48], the author of this thesis together with several co-authors used a computer
algebra approach to compute for all graphs on 6 or less vertices and for some graphs

on 7 vertices, whether or not they have quantum symmetries.
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CHAPTER 3

Computing Noncommutative Grobner Bases Using OSCAR

This thesis has been supported by the SFB-TRR 195, which has the topic of
symbolic tools in mathematics and their application. One of the important results
of this research programme is the development of the free and open-source 0SCAR
computer algebra system [28], [66], which is written in the julia programming lan-
guage [12]. OSCAR unites several pre-existing computer algebra systems and makes it
easy to have the different subsystems communicate with each other. However, there
also exist several algorithms that are completely written within 0SCAR. In this thesis,
we employ at certain points a noncommutative Grobner basis computation that has
been implemented in 0SCAR by Schultz and the author of this thesis. In this chap-
ter, we give a basic introduction to the most important concepts of noncommutative

Grobner basis computation.

3.1. The Noncommutative Buchberger Algorithm

In order to computationally handle ideals in polynomial rings, Grobner bases
are the standard way to go. Originally introduced for commutative polynomial
rings over fields by Buchberger in [19], their use case has since been extended to also
include noncommutative Rings by Mora in [63]. The idea is as follows: one is given a
set of generators of the ideal. Using an algorithm of choice, the Buchberger procedure
being the first and perhaps most famous one, one transforms these generators into
a Grobner basis, allowing to efficiently decide for any given polynomial, whether it
belongs to the ideal.

Implementations of the original Buchberger algorithm for commutative rings are
common in a lot of computer algebra systems nowadays. The noncommutative
case, while it exists in some computer algebra systems, is not so common. There
is for example an implementation of a noncommutative Buchberger procedure in
OSCAR [28], [66], which is based on the algorithm as it is given in [93] and which the
author used for certain computer based computations in this thesis. In this section
we will give some very basic definitions and a sketch of the Buchberger procedure
for noncommutative polynomial rings and some simple optimizations one can do to
improve the running time of the algorithm. These definitions and statements also
come from [93].

Throughout this chapter, let K be a field, X = {z1,...,2,} a finite alphabet
and let K(X) be the free monoid ring generated by X over K. By (X) we mean
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the free monoid generated by X. We will moreover only be considering two-sided
ideals in K(X).
If we have a relation ¢ C .S x S on any set S we will write a >, b or b <, a to

mean (a,b) € 0. Moreover, if a >, b but a # b we will write a >, b or b <, a.

3.1.1. DEFINITION. An admissible ordering o on (X) is a relation on (X) satis-
fying the following conditions for all wy, we, w3, wy € (X):
(i) o is complete, i.e. wy >, wy Or Wy >, wW;.
(ii) o is reflexive, i.e. w; >, wy.
(iii) o is antisymmetric, i.e. wy >, we and wy >, wy implies wy = ws.
(iv) o is transitive, i.e. wy >, wy and wy >, w3 implies wy > ws.
(v) o is compatible with multiplication, i.e. w; >, wy implies wyw wy >,
W3WolWy.
(vi) o is a well-ordering, i.e. every descending chain of words wy >, ws >, ...

in (X) becomes stationary eventually.

If o is an admissible ordering, then we have w >, 1 for 1 being the empty word

and any word w € (X).

3.1.2. EXAMPLE.

e The lezicographic ordering on (X), denoted by Lex is defined as follows:
for any two words wy,wy € (X), we say wy >pey wo if we have w; = wyw
for any word w € (X), or if we have w; = wz,w', wy = wx;,w” for some
words w, w',w” € (X) and some letters x;,,x;, € X such that i; < is.

Note that the lexicographic ordering is not an admissible ordering, since
it does not fulfill conditions and of Definition m However, it is
still useful as a tiebreaker when constructing admissible orderings.

e The degree lexicographic ordering on (X), denoted by DegLlex, is defined
as follows: for two words wy,ws € (X), we say Wi >pegrex W2 if we have
len(w;) > len(wsy) or if we have len(w,) = len(ws) and wy >pex wo.

e The degree reverse lexicographic ordering on (X), denoted by DegRevLex,
is defined similarly: for two words wy,ws € (X), we say wq >pegrex Wo if
we have len(w;) > len(ws) or if we have len(w;) = len(ws) and w; <pey wo.

Both the degree lexicographic ordering and the degree reverse lexicographic ordering

are admissible orderings.
From now on, we will assume that ¢ is an admissible ordering on (X).

3.1.3. DEFINITION. Let f € K(X)\{0} be a polynomial. Then f can be uniquely
represented as
f=cw + ...+ csws

with ¢p,...,¢s € K\ {0}, wq,...,ws € (X) such that wy >, ... >, w,. We call the
set {wy, ..., ws} the support of f, Supp(f). We call LT, (f) := w; the leading term
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of f with respect to o and LC,(f) := ¢; the leading coefficient of f with respect to
0. We also say LM, (f) := LC,(f) LT, (f) is the leading monomial of f with respect
to o. If LC,(f) =1, we say f is monic.

The leading term and leading coefficient LT, (0) and LC,(0) of the zero polyno-

mial remain undefined.

3.1.4. REMARK. Let f, f1, fo be polynomials in K(X) \ {0}.

(i) If f1+ fo # 0 we have LT, (f1 + f2) <, max{LT,(f1),LT,(f2)}. Moreover,
LT,(f1 + f2) = max{LT,(f1),LT,(f2)} if and only if LT,(f1) # LT, (f2)
or LC,(f1) + LC,(f2) # 0.
(ii) For all words w,w" € K(X), we have LT, (wfw’) = w LT, (f)w'.
(iii) We have LT, (f1f2) = LT, (f1) LT, (f2).

3.1.5. DEFINITION. Let I C K(X) be an ideal.
(i) The (monomial) ideal LT, (I) := (LT, (f)| f € I \ {0}) C K(X) is called
the leading term ideal of I with respect to o.
(ii) The set LT, {I} == {LT,(f)| f € I\ {0}} € K(X) is called the leading
term set of I with respect to o.
(iii) The set O, (1) == (X) \ LT,{I} is called the order ideal of I with respect

to o.

We define LT, ({0)) := (0) and LT,{0} := @.

3.1.6. LEMMA. Let I C K(X) be an ideal.
(i) We have K(X) = I & Spany O,(I).
(ii) For every polynomial f € K(X), there exists a unique polynomial f €
Spany O, (1) such that f — f € 1.

3.1.7. DEFINITION. Let I C K(X) be an ideal and f € K(X) a polynomial.
The unique polynomial f € Spany O, from Lemma is called the normal form
of f modulo I with respect to ¢ and is denoted by NF, /(f).

We say f is in normal form modulo I with respect to o if f = NF, ;(f).

3.1.8. REMARK. We collect some properties of the normal form. Let I C K(X)
be an ideal.
(i) For f € K(X), we have NF, ;(NF, ;(f)) = NF, ;(f).
(ii) For fi, fo € K(X), we have NF, ;(fi — f2) = NF,1(f1) — NF, 1(fa).
(iii) For fi, fo € K(X), we have NF, ;(f1) = NF, ;(f2) if and only if fi— fo € I.
In particular for any f € K(X) we have f € I if and only if NF, ;(f) = 0.
(iv) For fi, fo € K(X) we have NF, ;(f1f2) = NF, ;(NF, ;(f1) NFo1(f2)).

3.1.9. REMARK. The uniqueness of the normal form allows us to solve the word
problem in an algorithmic way. Suppose we have a ring R = (X| Rel) that is defined
by some finite set of relations Rel C K(X) x K(X) and let moreover I C K(X)
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be the ideal generated by the set {w — w'| (w,w') € Rel}. Then two words u and v
define the same element in R if and only if w — v € I. By the previous remark, this
is the case if and only if NF, ;(u — v) = 0. Therefore computing the normal form
can solve the word problem.

The algorithm that yields the normal form given a Grobner basis is called the
division algorithm. We do not give the algorithm here, but only mention the im-

portant result, the algorithm can be found e.g. in Theorem 3.2.1 in [93].

3.1.10. THEOREM. There exists a Division algorithm which, given a polyno-
mial f € K(X) and a set of polynomials G = {g1,...,9s} € K(X) returns tuples

(c11, Wi, Wiy ), - -+, (Coky, Wk, oy, ) and a polynomial p € K (X) such that
S k;
f= Z Z CijWij GiWwi; + p
i=1 j=1

and moreover:

(i) No element of Supp(p) is contained in (LT;(g1),...,LT4(gs)).
(i) For all i € {1,...,s} and all j € {1,...,k}, we have LTy (w;;g;wi;) <,
LT,(f). If p # 0 we have LT,(p) < LT,(f).
(i4i) For all i € {1,...,s} and all j € {1,...,k;}, we have LT, (wgw;;) ¢
<LT0'(91)7 s 7LTO'(gi—l)>-

We call NR, ¢ = p the normal remainder of f with respect to o and G.

3.1.11. DEFINITION. Let G C K(X)\ {0} be a set of polynomials that generates
an ideal I = (G). We say G is a (0)-Grébner basis of I if

LT, {I} = {wLT,(g)w'| g € G,w,w" € (X)}.

3.1.12. PROPOSITION. Let G C K(X) \ {0} be a o-Grébner basis that generates
the ideal I = (G). Then we have that NR,c(f) = NF,(f) for all polynomials

f e K(X).

3.1.13. REMARK. The above proposition is the reason why Groébner bases in
particular are such an important tool: together with Remark we see that given
a Grobner basis for an ideal of relations, we can answer the word problem for the

ring defined by these relations by simply executing the division algorithm.

Since we have now seen, why Grobner bases are important, we will focus the rest
of the chapter on giving an idea of how Grébner bases can be computed. For this,
let us fix a set of polynomials G = {gi, ..., gs}, which defines an ideal I = (G) and
which is supposed to be turned into a Grobner basis.

We begin by introducing obstructions, which play an analogous role to critical

syzygies in the commutative case.
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3.1.14. DEFINITION. Let r > 1. The K(X)-bimodule (K(X) ®x K(X))", de-
noted by F,., is called the free bimodule over K(X) of rank r. It has canonical
basis {e1,...,e.}, i.e. ¢, =(0,...,0,1®1,0,...,0) with the 1 ® 1 being in the i-th
position.

3.1.15. DEFINITION. Let i,j € {1,...,s} and i < j. The element

1 1
LCO’ (gl) LC ( )

with w;, wj, wj, wj € (X) such that w; LT,(gi)w; = w; LT,(g;)w) is called an ob-

struction of g; and g;. If 1 = j it is called a self-obstruction of g;. The set of all

/
w;e;w; —

oi,j(wi,w;;wj,w;) = w]e]w e F,\ {0}

obstructions of g; and g; is denoted by o(i, j).

3.1.16. DEFINITION.
o Let wy,wy € (X) be two words. If there exist w,w’,w” € (X) with w # 1

such that wy; = w'w and wy = ww” or w; = w and wy = Www”, or vice
versa, then we say w; and wy have an overlap at w. Otherwise we say w;
and wy have no overlap.

e We say an obstruction o; ;(w;, wj; wj, w}) € o(i, j) has an overlap at w €
(X)\{1} if LT, (g;) and LT, (g;) have an overlap at w and if w is a subword
of w; LT, (g;)w;. Otherwise we say o; j(w;, wj; w;, w}) has no overlap.

o Ifije {l,...;s} and i < j then we call an obstruction from o(3, j)
non-trivial if it has an overlap and is of one of the following forms:

— 0 j(w, 1; 1, wj)

i wi; 1)

- 0;;(L,w
— 0; j(w;, wj;1,1)
(

= 0i5(1, w;, wj)
with w;, wy, w;, wj € (X).
o Ifi € {1,...,s}, we say a self-obstruction in o(i, ) is non-trivial if it has
an overlap and is of the form o, (1, w}; w;, 1) with w;, w} € (X) \ {1}.
o Let i,7 € {1,...,s} and i < j. We denote the set of all non-trivial ob-
structions of g; and g; by O(%, j).

3.1.17. DEFINITION. Let 7,5 € {1,...,s} with i < j and let o; ;(w;, wj; wy, w)) €
o(7,7) be an obstruction of g; and g;. We call

1 , 1
LC,(g) ™ LG, (g))

the S-polynomial of 0; j(w;, wi; wy, w}).

A wigiwy € K(X)

Si,j(wi,wg;wj,w;) =

S-polynomials are important for computing Grébner basis due to the following

proposition.

3.1.18. PROPOSITION (Buchberger Criterion). The following conditions for G

are equivalent:
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(i) The set G is a o-Grobner basis of I.

(i4) For every obstruction o; j(w;, wj; wj, w’) € Ui<i<j<sO(i, j), we have
NRo. (S (wi, wi; wy, wy)) = 0.

3.1.19. THEOREM ((Buchberger procedure)). Let G C K(X) be a finite list of
polynomials which generate an ideal I = (G).

(i) For each i,j € {1,...,s} with i < j, we compute the set O(i,j) of all
nontrivial obstructions of g; and g;. We initialize the set B as the union
of all obstruction sets O(i, j) of G.

(i) If B = @, return G. Otherwise select an obstruction o; j(w;, wi; wj, w}) € B
using a fair strateqy and delete it from B. A selection strateqy is fair if it
ensures that every obstruction is eventually selected.

(ii1) Compute the S-polynomial S = S; j(w;, wi; wj, w}) and its normal remain-
der S .= NR,,c(S). If S" = 0, continue with step [(ii)}

(iv) Append S’ to G. Append the obstructions O(i, s+1) foralli € {1,...,s+1}
to B. Increase s by one. Continue with step .
The above algorithm enumerates a o-Grobner basis G of I. If I has a finite o-

Grobner basis, it will stop after finitely many steps and return a finite o-Grobner
basis of I.

3.2. Computing Grobner Bases for Quantum Permutation Groups

Our motivation for using noncommutative Grobner bases is to study quantum
permutation groups. Since all our examples are given as universal C*-algebras, one
notices a problem in Definition that can occur when handling these objects on
a computer: computing the Grobner basis of an ideal will only be able to handle any
algebraic relation induced by the defining relations. However, in the second step of
the construction of a universal C*-algebra, we mod out the set {x € A(F, R)| ||z| =
0}, which can potentially add some analytical relations to our C*-algebra. We will
now argue why this will not be a problem in our case by recollecting some definitions
and statements from [78§].

The essential part is that when considering algebraic compact matrix quantum
groups, the prenorm that one gets in the definition of the universal C*-algebra is
already a norm, and therefore the set {z € A(E, R)| ||z|| = 0} is just {0}. To get to
these results, we first need to define Hopf x-algebras and algebraic compact quantum

groups.

3.2.1. DEFINITION. A Hopf x-algebra over C is a unital x-algebra A that is also
a Hopf algebra, i.e. that is equipped with a unital homomorphism that is called the
coproduct A : A - A ® A, a homomorphism called the counit ¢ : A — C and a
linear map called the antipode S : A — A such that the following conditions hold:

() (A®ida)o A = (ids ®A) 0 A
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(i) (e®ida)o A =idy = (ida®e) 0 A
(iii) mo (S®ida) o A=noe=mo (idy ®S) o A
where m: A® A — A, a ® b+ ab denotes the multiplication map and n : C — A,
A +— A1 4 denotes the unit map.
An algebraic compact quantum group is a Hopf x-algebra with a positive integral.

The unique normalized positive integral on an algebraic compact quantum group is
called its Haar state and denoted by h.

Analogous to (C*-algebraic) compact matrix quantum groups, there are also

algebraic compact matrix quantum groups.

3.2.2. DEFINITION. An algebraic compact matrix quantum group is a Hopf *-
algebra (A, A) together with a unitary u € M, (A), where n € N, such that
(i) w is a corepresentation matrix.
(ii) @ is equivalent to a unitary corepresentation matrix.
(iii) The elements w;; for 4,5 € {1,...,N} generate A as a x-algebra.
In the above case, the counit and the antipode of the Hopf *-algebra (A, A) are
uniquely determined by &(u;;) = d;; and S(u;) = uj; for all 4, 5.
The name compact matrix quantum group in the above definition is justified by

the following proposition.

3.2.3. PROPOSITION (Prop. 6.1.4 (i) in|78]). If (A, A, u) is an algebraic compact
matriz quantum group, then (A, A) is an algebraic compact quantum group and u,

w are corepresentation matrices of (A, A).

The last piece we need is the following statement, which is part of Theorem 5.4.3

in [78].
3.2.4. PROPOSITION. Let (A, A) be an algebraic compact quantum group. Then
a v ||all, == sup{p(a)| p is a C*-seminorm on A}
is a C*-norm on A.

We see that the seminorm || - ||, is exactly the same as the one that appears
in Definition [1.2.4l Since by the above proposition it is already a norm, the set
{z| |||l = 0} is trivial and therefore we do not get any additional relations from
this construction.

3.2.5. PROPOSITION. Let (C(G),u) be a quantum permutation group and let
(E, R) be a finite set of variables and a set of relations in those variables such
that C(G) = C*(E|R). Let moreover I(R) be the ideal generated by R in the free
x-algebra P(E) and let A(E,R) = P(E)/I(R).

Then for any element x of A(E, R) we have:

r=01in A(E,R) <= = =0 1in C(G).
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PROOF. Since by Proposition the norm || - ||, is already a norm on A(E, R)
and since this is also the C*-norm on C*(E|R) = C(G), the claim follows. O

3.2.6. REMARK. The above proposition is important since it tells us that if we
find a Grobner basis of the defining ideal of a quantum permutation group then
it can already completely decide equality of any polynomials in the corresponding
C*-algebra, and in particular by choosing a norm and doing a closure in that norm,

we do not get any extra relations.

3.3. Applications in this Thesis

In Section [4.5] we use noncommutative Grobner basis computations to find the
quantum automorphism groups of two graphs. We use the Grobner bases to compute
certain relations on the generators, that allow us to construct the x-isomorphisms.
For the computations, we use the implementation in 0SCAR, which was co-written
by the author of this thesis.

3.3.1. THEOREM (4.5.1, [4.5.2)). The graphs Ci2(4,5) and C12(37,6) have the
quantum automorphism group H x Ss.

For the proofs of the theorems mentioned above, we need to construct a -
isomorphism between the quantum automorphism group of the graph in question
and the quantum group H,™ x S3. In order to do this, we need to check that several
relations hold for the generators of the quantum automorphism group. Some of these
were straightforward to check by hand, for others however we used the Grobner basis,
namely the relations given in Equations and and the relation that a few
certain sums over some elements in the quantum automorphism group are 1. We
see that Grobner basis computations can be helpful when determining what exactly
a given quantum automorphism group is, however there is still a lot of work to do
by hand, since we need to know to which already known quantum group we want
to construct a *x-isomorphism.

This is a bit different when one is only interested in the question, whether or not
a given quantum automorphism group is the same as the classical automorphism
group. For this, one can compute the Grobner basis of the defining C*-algebra and
then simply check whether the commutation relations of all the generators hold.

This is what we did for a number of matroids in Section [6.5]
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Quantum Symmetries of Vertex-Transitive Graphs on 12

Vertices

In this chapter, which is based on the article [73] by the author, we consider the
quantum symmetries of vertex-transitive graphs on 12 vertices. Vertex-transitive
graphs are interesting because the vertex-transitivity ensures that the graphs have
at least a certain amount of symmetry. In [6], Banica and Bichon described the
quantum automorphism goups of all vertex-transitive graphs on up to 11 vertices
except for the Petersen graph, for which Schmidt showed in [74] that it does not have
quantum symmetries. Moreover, Chassaniol described the quantum automorphism
groups of all vertex-transitive graphs on 13 vertices in [22], [23]. This section fills
the gap by investigating all vertex-transitive graphs on 12 vertices to see which of
these have quantum symmetries and which do not, partially answering a question
posed in the PhD thesis of Schmidt [75].

We sort the vertex-transitive graphs on 12 vertices in 5 subclasses:
leraphs| [products of smaller graphs| [circulant graphs| [semicirculant graphs| and [spe-|
that do not fit into any of the other subclasses.

In total, there are 74 vertex-transitive graphs on 12 vertices. However, since the

quantum automorphism group of a graph is the same as the one of its complement,
one only needs to consider one of the two. Due to this, we study only 37 graphs.

The main result of this section is that we determine the existence of quantum
symmetries of vertex-transitive graphs on 12 vertices. Combining this with previous
results of Banica and Bichon in [6], Schmidt in |74] and Chassaniol in [22], [23], we
get the following:

4.1. THEOREM. For vertex transitive graphs on up to 13 wvertices, the existence

of quantum symmetries is completely determined.

In the following table, we give a first overview over the graphs we studied.

subclass total graphs | graphs with quantum symmetries
disconnected graphs 9 9
products of smaller graphs | 6 5
circulant graphs 12 3
semi-circulant graphs ) 3
special cases 5 0
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As one can see, 20 of the 37 graphs we studied have quantum symmetries.
Among those with quantum symmetries there are all graphs that are disjoint copies
of smaller graphs, some graph products, three circulant and three semi-circulant
graphs.

In the following table, we recollect the previous results on quantum symmetries of
vertex-transitive graphs by Banica and Bichon in [6] and by Chassaniol in [22], [23].
Also included is the result that the Petersen graph has no quantum symmetries
by Schmidt [74]. These are all vertex transitive graphs of the given order up to
complements. We exclude the trivial cases of the full graphs and of disjoint copies of
smaller graphs, due to the fact that the full graph on n vertices always has quantum
automorphism group S;, which can be seen easily, and due to the result of Banica
and Bichon in [5], that a graph consisting of n disjoint copies of a connected graph
I' has quantum automorphism group

+
Gaut

(nl) = G,

aut

(0) % S,

TABLE 1. Vertex-transitive graphs on < 11 and on 13 vertices

Order | Graph Automorphism Group | Quantum Automorphism Group
n#4|C, D, D,

8 Cs(4) Dy Dg

8 K,OC, | Sy X Zsy Si x 7y
9 Cy(3) Dy Dy

9 K3OKs | S317Z4 S5 7o
10 Ci0(2) | Do Do

10 Cro(5) | Dio Dy

10 K,C5 | Dy Dy

10 Petersen | S5 S

10 KyOKs | S5 X Zs S x Zy
10 Cio(4) Z3 ! D5 Zo U Ds
11 C11(2) D1y D1y

11 C11(3) Dy Dy

13 Ci3 D3 D3

13 C13(2) Dys Dqs

13 C15(2,5) | Di3 Dys

13 C13(2,6) | Dy3 Dys

13 C13(3) D3 Dis

13 Ci3(5) | Z13 ) Zy Lz X Ly
13 C13(3,4) | Z13 x Zg Zy3 X ZLg

Next, we give a table of all vertex-transitive graphs on 12 vertices up to comple-

ments with their automorphism groups and their quantum automorphism groups,
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if it is known. For the sake of completeness, we include the trivial cases in this
table. In particular, we have computed for all of the following graphs, whether
they have quantum symmetries. Therefore, whenever the column with the quantum
automorphism group is a question mark, the graph in question does have quan-

tum symmetries, but we did not manage to find the actual quantum automorphism
group.
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TABLE 2. Vertex-transitive graphs on 12 vertices

Graph Automorphism Group | Quantum Automorphism Group
6K Ziy 1 S Zs i S§

4K S3 1S4 Ss . S

3K, Sy 55 Sy S

30, Hy 1S3 H 1, Sy

2K Se U Ly Sq b2y

2C% Dg 7o De 2 Zg
2(K,0Ks3) D Zs De 2 Zg
2C(2) (Z3 2 S3) V Zsy (Z 1 S3) U Zig
2C6(3) (S50Z2) 1 Zs (S3 % Z) & Zsy
K¢ x Ky Se X Zs S X Zsy

K3 x K, Sy xSy Sy x S
C,00; Hy x Sy Hy xSy
K,OCs(3) Zo X (S317Zs) Lo % (S35 1)
K>OCs Zo x Dg Zo x Dg
K,OCs(2) Lo X (721 S3) ?

Cha Dy D1y

C12(3) Dy Dy

Cr2(6) D1y D1y

Ko S12 ST

C12(5) A ?

C12(4,5) Hy x Sy Hy x Sy
C12(5,6) A ?

C12(2) Dy Dy

Cra(4) Dy Dy

C12(2,6) Dy Dy

C12(3,6) D1y D1y

C12(4,6) Do D1y

Cia(5™) Hj ?

C12(37,6) Hs x S5 Hy x Sy
Ci2(57,6) Hj ?

C12(2,5%) Dg D

Cia(4,5™) D Dg
[cosahedral Graph Zo X As Zo X As
L(C4(2)) Hy Hy
Trunc(Ky) Sy Sy
Antip(Trunc(Ky)) Sy Sy
Cuboctahedral Graph | Hj H;
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Here, we call
A = (ZQ X ((((ZQ X Z2 X ZQ X ZQ) X Zg) X Z3) X Zg)) X ZQ.

Looking at the data in the above tables, one can make some observations.

1. OBSERVATION. For vertex transitive graphs on up to 13 vertices, the existence

of quantum symmetries is equivalent to the existence of disjoint automorphisms.

It is already known that the statement from Observation [If does not hold for all
graphs, as has been shown in [75], but it is an open question for what families of
graphs this is an alternative characterisation of the existence of quantum symmetries.

We moreover observe the following fact.

2. OBSERVATION. Let I' be a wvertex-transitive graph on up to 13 vertices. If
the automorphism group of I' is D, with n # 4, then I' does not have quantum

symmetries.

In addition to computing whether the graphs have quantum symmetries and
giving the explicit quantum automorphism group wherever it was known by some
previous result, we also compute the quantum automorphism group of two graphs
for which it was not yet known in Section 4.5

The data from the above tables was used in [16] to get an overview of vertex-
transitive graphs with known quantum automorphism group in order to investigate
them for the existence of so-called quantum twin vertices. In their paper, the authors
introduce the concept of quantum twin vertices of quantum graphs as a generalisa-
tion of twin vertices of classical graphs and then ask the question whether quantum
twin vertices of classical graphs are a broader concept than classical twin vertices
of classical graphs. In particular they ask whether the graphs Ky[JK5 and Cy0C5
possess quantum twin vertices, since these are the only graphs from the above tables
that have quantum symmetries, have no twin vertices but vanishing determinant of

the adjacency matrix.

4.1. Overview and Notation

On twelve vertices, there are in total 74 vertex-transitive graphs. Since the
quantum automorphism group of a graph is the same as the one of its complement,
it suffices to only consider 37 of these graphs, since the rest can be obtained by

taking their complements.

We will sort these graphs in five different subclasses: |[disconnected graphs, [prod-|

[ucts of smaller graphs| [circulant graphs| [semicirculant graphs|and [special cases|that

do not fit into any of the other subclasses.

In total, we will consider the following graphs:
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Subclass Graphs
disconnected | 6 K5, 4K3, 3Ky, 3Cy, 2Kg, 2Cs,
2K,00K3, 2C4(2), 2C6(3)
products Kg x Ky, K3 x K4, CsL1K,,
C,0Cs, K,00C6(2), Ko0OCT
circulant Cla, K12, O, C12(2), C12(3), C12(4),

semi-circulant

special cases

TABLE 3. Vertex transitive graphs on 12 vertices up to complements

In the proofs that a graph has no quantum symmetries, we will often repeatedly
apply Lemma [2.2.4] and Lemma [2.2.5] In order to prevent this from taking up too

C12(5), C12(2,6), C12(4,6), C12(3,6),
C12(4,5), C12(5,6)

Cr2(5%), C12(37,6), C12(5%,6),
Ch2(2,51), C12(4,5%)

L(Cube), L(Cg(2)), Icosahedron,

Trunc(Ky), Antip(Trunc(Ky))

much space, we will now introduce the following notation:

4.1.1. NOTATION. Let I be a graph and j a fixed vertex in I". If we want to apply

Lemmam to j and Iy, la, ... and g1, qa, - - . to get that wiur, = wijte, Y e p, Wip,

we will write the following table:

Here, the sets P, will be the sets of vertices p such that d(l,,p) = d(j,1,) and
d(p,q.) = d(j,q.). Often, we will use this when the sets P, are singleton sets,

Lemma [2.2.4
gt ja|p
Jlh ¢ A

la |2 | Py

because this will mean that we have w;jup, = w;jur, ;.
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4.1.2. NOTATION. Let I" be a graph and j a fixed vertex in I". If we want to
apply Lemma to 7, [, p and g, we often want to apply it in such a way, that we
get u;upu;, = 0. This is the case if [ is the unique vertex in distance d(l, ¢) from g,
d(l,7) from j and d(l,p) from p. If that is the case, we will write the application of
Lemma to j, I, p1,p2,... and g1, qo, . . . as the following table:

Lemma [2.2.5
gt r |q
Jlm @

P2 | Q2

A particular row of such a table containing j', ', p’, ¢ then means that w;; ugyw;,y =
0 for all vertices i, k € V(I').

To see how an application of the newly introduced notations might look in prac-
tice and how one might start working on a new graph in general, we give a simple

example:

4.1.3. ExaAMPLE. We consider the 5-cycle C5. We already know, that it has
no quantum symmetries, but we now want to show this using Lemma [2.2.5( and
Lemma [2.2.4] By Corollary 2.2.8 we only need to show that the generators wu;
commute with all generators ug. Note moreover, that by Lemma [2.2.1] we only
need to show that u; uy = uj ugu;. We do this by using the fact from the relations
of G/,,(Cs) that > u; =1 and thus

U1 Ugl = U1 Ukl E Usp-
p

Using additionally Lemma [2.2.3, we get that

U1 UKL Z Uip = U1 Uk Z Uip-
: dp)=d(i k)

Now we just need to show that u;;ugu;,, = 0 for any vertex [ and any p # 1 with
d(p,l) = d(i, k). Here we can assume that d(i, k) = d(1,1) without loss of generality,
since whenever d(i, k) # d(1,1), we have w;jux = upu;; = 0 and we are already
done. Note, that in the case of C5 for any vertex [, only one vertex p # 1 is in the
same distance to [ as 1 and therefore the above means that for any [, we only have
to show w; ukuy, = 0 for a single vertex p.

In order to show that w;;ugu;, = 0 for the above specified vertices [ and p, we
will first use Lemma [2.2.5] To get that w;uge = ugou;1, we will now use the lemma

53



CHAPTER 4. QUANTUM SYMMETRIES OF GRAPHS

to show that wu;;upou;3 = 0. Looking at the conditions for applying Lemma [2.2.5]
we thus want to find a vertex ¢ such that d(1,q) # d(¢,3) and such that 2 is the
only vertex that is both in distance s = d(2, ¢) from ¢ and in distance 1 from both
vertices 1 and 3. Choosing ¢ := 1 satisfies this as can be seen by looking at the

graph:

We can therefore apply Lemma to get that u; ugou;z3 = 0 and therefore
Uil U2 = Ui Uk2Uij1

as desired. In a very similar manner, we can apply Lemma to [ = 5. Both

of these applications are summarised in the following table, using the notation

from [A.1.9F

Lemma [2.2.5
J 10 |p|q
112 (3 |1

5 (4 |1

This table thus already shows that the w;; commute with all ug where [ is
adjacent to 1. Using Lemma we thus get that all u;; and ug; commute whenever
j ~ 1. We now want to use this information to apply Lemma to show that
Ui Ugs = Ui Uzt We thus have to find a vertex ¢ with d(q, 3) = 1 such that there is
exactly one vertex p that satisfies d(3,p) = 2 and d(p, ¢) = d(j,q). Choosing ¢ := 2
only leaves the vertex p = 1 satisfying these conditions and therefore Lemma [2.2.4]
yields

Uil Ug3 = U1 Ug3 Uil
and therefore also

U1 UEK3 = Uk3U41-
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In a similar manner, we can apply Lemma to get ujups = UjiUpayy, and

again, both of these applications are summarised in the following table according to

Notation [4. 1.1t

Lemma [2.2.5

1 3 |2 [{1}

4 13 {1}

All in all, we see that ujjup = ugu; for all vertices i,k and [ and thus by
Lemma we get u;jup = uku;; for all generators of the quantum automorphism
group of Cs.

4.2. Constructions from Smaller Graphs

In this section we consider graphs that arise as constructions of smaller graphs.
A lot of the time, their quantum automorphism groups can be computed in a simple

manner from the quantum automorphism groups of the smaller graphs.

4.2.1. Disconnected graphs. Vertex transitive graphs that are disconnected
are always disjoint copies of a single connected graph. For such disjoint copies of a
connected graph, it was shown in [5] how to compute the quantum automorphism

groups:

4.2.1.1. THEOREM ([5]). If T is a connected graph, then the graph consisting of

n disjoint copies of I' has quantum automorphism group

G+

aut

(nl) = G,

aut

() & S, -

We thus can compute the quantum automorphism groups of these graphs easily.
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Graph Automorphism Group | Quantum Automorphism Group
6K, Zia X S¢ Zo ) S§

4K S3 0S4 S50 S

3K, 51153 Sy U S

3C, Hy 0 55 Hi 1, Sy

2K Se 1 Zsy Se b Zs

2Cs De 1 Zs De i Zo

2(K>0K3) | Dg Zy De e Zo

2C5(2) (Z3 2 S3) 1 Zs (Z 2 S3) V& Zg

2C6(3) (S32Z2) 22y (S3 % Za) 4 Zg

4.2.2. Products of smaller graphs. For finite graphs one can define the fol-

lowing product operations:

4.2.2.1. DEFINITION. Let I" and I be finite graphs.
(i) The direct product I' x I” has vertex set V(I') x V(I") and the following
edges:
(i,k) ~ (j,l) <= i~jandk ~I.
(ii) The Cartesian product I'CI"” has vertex set V (I') x V(I'') and the following
edges:
(i,k) ~ (j,1) <= i=jk~lorin~gjk=1.

In [4], the following theorem about quantum automorphism groups of graph

products was proven.

4.2.2.2. THEOREM. Let I' and T” be finite connected regular graphs. If their
spectra {\} and {1} do not contain 0 and satisfy

/Ay 0 e/} = {1},

([ x 1)) = C(Gu(T)) @ C(Gau()).
If the spectra satisfy

then C(G,

aut

N = N0 — ) = {0},
(TOIY)) = C(Gg (1)) @ C(G,.(T)).

aut

then C(G,

aut

This theorem yields the quantum automorphism group for a few of the product

graphs already.
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Graph Automorphism Group | Quantum Automorphism Group
K¢ x Ky | Sg X Zs Sg X Zsy

Ky x Ky | S3x 8, Sy x Sf

C,0C; | Hyx Ss Hy x S

KyOC(3) | Zg x (S30Zs) Lo X (S5 % Zs)

For the two product graphs K>[0Cs and K5[Cs(2), the theorem does not apply,
and they therefore have to be studied individually. We will first consider Ks[1Cy:

4.2.2.3. PROPOSITION. The graph K>;[O1Cy, pictured below, does not have quantum

symmetry.

\ /

/ \

PrRoOOF. We will show that w;ug = uru;; for all vertices i, k, [ of K5[1Cs. Then
the vertex transitivity will imply the commutativity of all generators.
We begin with distance 2. There are 4 vertices in distance 2 from 1: 3,5,8 and

12. First considering vertex 3, we see that
Ui Uk3 = Uit Uk (Us1 + Uss + Uig + Uiio).

We will now apply Lemma to 1 and 3 using the notation introduced in [4.1.2}
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Lemma [2.2.5
j|tp |q
1 13 |5 |2

8 |6

We thus get that u;ugsui; = 0 = wj;ugsuis. Recall now, that by Definition[2.2.12]
we denote by CN(i,7) the set of common neighbours of the vertices i and j. We
can now see that |[CN(1,3)| = 1, but we have |CN(3,10)| = 2, and we thus get with
Corollary that w; ugzus0 = 0. We thus get u;urs = U3ty

Next, we consider vertex 8 and apply Lemma

Lemma [2.2.5
Jotip |a
118 3 |4

122

Again, only w;jugst;o is the missing term, but seeing that |[CN(1,8)] = 2 #
|CN(8,10) = 3 we get again by Corollarythat U UksUizo = 0 and thus u;ugs =
UggUs1-

We observe, that mirroring on the line that goes through 1,7,10 and 4 is an
automorphism of K>[Cy that keeps 1 fixed and maps 3 to 5 and 8 to 12, we get by
Lemma that w;;urs = ursu;; and also ujuris = ugiots;. We thus have for all
vertices 7,1 with d(j,1) = 2 that w;ju, = ugu;.

For distance 1, we apply Lemma to all neighbours of the vertex 1:

Lemma [2.2.4

gl |a|r

11216 |{1}
6 2| {1}
712 ]{1,8}

We see that u;jure = ugou;1 and ujurg = uresi. For [ = 7, we moreover see
that

Uit Uy = Wi Uy (Win + Uss) -
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Looking at wu;;ug7u;s, we see that

U Up7Uis = Ui UkT E UrgUig

rid(rd)=1
d(r,k)=2
= Uy Z UpoUp7Uig since d(7,9) = 2
rid(r,)=1
d(r,k)=2
=0 since d(1,9) = 3 # d(r,i) = 1.
For distance 3, it is enough to only apply Lemma [2.2.4}
Lemma [2.2.4
gt e |p
1 |4 |10 {1}
9 |10 {1}
11 {10 | {1}

Lastly, since 10 is the only vertex in distance 4 to 1, and thus also vice versa, we
get

U1 Uk10 = U1 UE10 g Uir = U1 UR10U41 -
r;d(r,10)=4

From this we get wu;ur0 = upious and therefore C'(GY,,(K5[0Ce)) is commutative.
OJ

4.2.2.4. PROPOSITION. The graph K;[OCg(2) has quantum symmetries.
PRrROOF. We have the following automorphisms of K,0Cg(2):

([1, 11, 41)([2,1][2,4]) € Aut(K20C6(2))

([1,2][1, 5))([2, 2][2, 5]) € Aut(K,LC6(2)).

These are non-trivial and disjoint, and thus, by Lemma [2.2.2] K,0Cs(2) has quan-

tum symmetries. U
Graph Automorphism Group | Quantum Automorphism Group
K5UCy Zio X Dg Zio X Dg
KQDCG(Q) ZQ X (ZQ i 83) ?

4.3. Circulant and Semi-circulant Graphs

Two related families of vertex-transitive graphs are circulant and semi-circulant
graphs, which were defined in Definition [I.1.6] Roughly speaking they arise when
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taking a cycle-graph and adding edges between certain vertices. Prior results yield
the non-existence of quantum symmetries for a few of these graphs, however most

of them have to be considered individually.

4.3.1. Circulant graphs. For some circulant graphs, Theorem 3.1 in [6] shows

that they do not have quantum symmetries.

4.3.1.1. THEOREM ([6]). Given a circulant graph Cy(k1,. .., k,) and putting ko :=
1, we define the function f:{1,2,...,[5]} = R as follows:

r

o - 3 (227,

1=0

If n # 4 and the function f is injective, then the graph C,(ki, ..., k.) does not have

quantum symmetries.

4.3.1.2. PROPOSITION. The graphs Cia, C12(3) and C12(6) do not have quantum
symmetries.

Proor. We apply Theorem |4.3.1.1] and thus need to compute the values of the

associated function f on the set {1,...,6}:
1 2 3 4 3 6
Cha 087 05 0 -05 —-087 -1

C12(3) 1087 —05 —1.23 05 —0.87 —2

C5(6)| =013 1.5 -1 05 —1.87 0

Here the rounding error is less than 0.01, and thus for all three graphs the

function is injective. 0

For some other graphs, we see that they have disjoint automorphisms, and there-

fore they do have quantum symmetries:

4.3.1.3. PROPOSITION. The graphs Kia, C12(5), C12(4,5) and Ci2(5,6) have
quantum symmetries.

PROOF. It is easy to see that the complete graph on n vertices has quantum
automorphism group S, and thus, for n > 4 does have quantum symmetries. For
the other graphs, we can check that they have disjoint automorphisms and thus, by
Lemma [2.2.2] they have quantum symmetries.
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Graph | Automorphism 1 | Automorphism 2

Ch2(5) (17) (4 10)

Ci2(4,5) | (1 7)(39)(511) | (28)(410)(6 12)

Ci2(5,6) | (1 7) (4 10)

l

For C15(4,5), we managed to compute the actual quantum automorphism group.
We give the computation in Section

4.3.1.4. PROPOSITION. The graph C13(2) does not have quantum symmetries.

Proor. We will again show the commutation of u;; with all other generators of
G+

aut(ch(z))'
First, we consider the vertices in distance 1. These are the vertices 2,3, 11 and

12. Since we can write w;ug = uiug Y, 5 Uip for a vertex [ ~ 1, we see that

p~1
Ui Uy = Uit Upa (Ui + Usg + Uig + Ui12)
Ui Upg = Ui Ups (Ui1 + Uiz + Uiy + Uis)
Ui U1 = UinUg1n (Uin + U9 + Uino + Uir2)
Uit Up12 = UinUkiz2 (Ui + Wiz + Uit + Uin1) -
Applying Lemma to these vertices, we see that on the right side, only the term

with u;; multiplied from the right does not vanish, and we thus get commutation of

u;1 and uyg; for [ ~ 1 by Lemma [2.2.1]

Lemma [2.2.5 Lemma [2.2.5
gt r |q gt r |a
112 |3 |12 1 (119 |12
4 112 1019

12| 10 12| 10

312 |11 1212 |11
4 112 1019

5 |12 1] 11
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Next, we consider vertices in distance 2, which are the vertices 4,5,9 and 10.
For these, we can apply Lemma [2.2.4] since we already know that for all vertices
J ~ 1, that w;up = uku;:

Lemma [2.2.4
go\boja |p
1 |4 |3 [{1}
5 16 | {1}
9 |8 |{1}
10 | 11 | {1}

In distance 3, there are only three vertices, 6,7 and 8. Applying Lemma to
them leads to the following table:

Lemma [2.2.4

J\Ulalp

116 |5 |{1}
715 |{1,2}
8 |6 | {1}

We thus have to consider wu;;uy7 individually. By the above table, we know that
Ui gy = U gy (Uin + Usg) -
Applying Lemma [2.2.6] with ¢ := 4 yields that
Ui U7tz = 0

and we thus get
Uit U7 = Uit Up7Ui1 = UR7Uq1 -
Lemma is applicable since d(7,4) = 2 and we have shown above that for any

vertices in distance 2, the generators commute. All in all, we get that all generators

commute, and thus G, (C12(2)) = Gaut(Cr2(2)). O

4.3.1.5. PROPOSITION. The graph C15(4) does not have quantum symmetries.

Proor. We first note, that for each vertex there is only a single vertex in dis-
tance 3, and thus for vertices i, j, k, [ with d(i, k) = 3 = d(j,1) we have

UijURI = UijURI W55 = Uk Ugj-
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Next, we will see that u;; commutes with all uy where d(I,1) = 1 by applying
Lemma [2.2.5}

Lemma [2.2.5 Lemma [2.2.5
J |l |p|q J |l |p|q
112 (3 |1 119 |5 |1
6 |9 8 |4

10]5 10]5

5 |4 |8 1214 |8

6 |9 8 |4

9 |1 11]1

For d(l,1) = 2, we can apply Lemma and get the following:

Lemma [2.2.4

J |l lqg|p

1137 |{1}
413 |{1,6}
6|7 | {1}
8 |7 | {1}

10(2 | {1,3}

117 | {1}

We thus already get commutation for all vertices except for [ = 4 and [ = 10.
Applying Lemma [2.2.6] with ¢ := 10 to 1 and 4 yields ujugsue = 0 and thus we
have commutation of u;; and wugs. Similarly, Lemma with ¢ := 4 applied to

1 and 10 yields commutation of u;; and wugio. All in all, we get that all generators

commute and thus G, ,(C12(4)) = G 44t (C12(4)). O
4.3.1.6. PROPOSITION. The graph C15(2,6) does not have quantum symmetries.

PROOF. As was the case with C5(4), we can show commutation for all [ with
d(l,1) = 1 by applying Lemma
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Lemma [2.2.5 Lemma [2.2.5 Lemma [2.2.5
Jltp |q j|tp |q J|tp |q
112 13 |1 1 |7 |5 |6 1 1122 |4
4 |5 6 |2 6 |2
8 |3 8 |3 10| 2
1213 9 |8 1)1
3 12 |4 1115 |12
4 15 9 110
5 |2 10| 2
9 |2 1213

Using Lemma is also sufficient for vertices 4, 6,8 and 10:

Lemma [2.2.5 Lemma [2.2.5
gt r |q gt p |q
114 |7 |2 1 18 (3 |4
8 |10 4 16

9 |2 5 |2
1113 11(5

127 1213

6 |2 |11 1012 |7
3 |5 3|7

9 |8 5 |4
103 6 |3

1112 7|2

The only remaining vertices are then 5 and 9. We thus have to consider

Uings  and Ui Ugg.
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Multiplying both of these with 1 = ZreV(Clg(Q,G))7 we get

Uit Uy = Wi Ugs (Wi + Uig + Wis + Uig + Usno + Uin2)

Uit Uy = Ui Ukg (Ui + Uso + Ui + U5 + Use + Uita) -

Applying Lemma simplifies this:

Lemma |2.2.5 Lemma [2.2.5
Jo|tipr |q J|tipr |a
115 |2 |8 119 (2 |4
8 |10 4 |6
10| 3 6 |3
12110 1216

to

Ui Uks = Ui Ugs (Wit + Wig)
Uit Ugke = Uit Ugg (Wi + Ujs) -

We would now like to apply Lemma for the last step. However so far, we only
know that for any vertex ¢ with d(q,5) = 1 the generators ugs and w,, commute.
But for all of these vertices, we have d(q,1) = d(q,9), and thus the lemma is not
applicable. A similar situation holds for any ¢ with d(q,9) = 1.

Consider the following two automorphisms of C2(2,6):

v1 = (1,5) (2,4) (6,12) (7,11) (8,10)
wa =1(1,9) (2,8) (3,7) (4,6) (10,12).

It holds that ¢1(1) = 5 and ¢1(4) = 2. Since we already know by the above that
Ui Ugs = Upguy for any i, k € V(C12(2,6)), we get by Lemma that also u;sugo
commute for any i, k. We thus can apply Lemma [2.2.6] with ¢ := 2 to 1,5 and 9 and
get
Ui st = 0,

and therefore u;; and ugs commute.

Similarly, we observe that (1) = 9 and @9(6) = 4. Again, we already know
that u;; and ugg commute for any i, k and thus by Lemma [2.2.7] so do w9 and 4.
Then applying Lemma [2.2.6| with ¢ := 4 to 1,9 and 5, we get that w;; and wugg

commute.

65



CHAPTER 4. QUANTUM SYMMETRIES OF GRAPHS

We thus showed that w;; commutes with every other generator, and since
C12(2,6) is vertex-transitive this is enough to show that G ,(C12(2,6)) is commu-

aut

tative. 0

4.3.1.7. PROPOSITION. The graph C12(3,6) does not have quantum symmetries.

Proor. We first note, that the following permutation is an automorphism of
C12(3,6):
w:=1(2,12) (3,11) (4,10) (5,9) (6,8).
This is the mirroring on the edge that goes through 1 and 7. In particular, we
have that ¢(1) = 1, and thus it suffices to show that wu;; and ug commute for
I € {2,3,4,5,6,7}, since the commutation with the rest of the generators then
follows from Lemma with .

We will now show, that w;; commutes with wuzs. To see this, we apply
Lemma [2.2.5t

Lemma |2.2.5
Jotip |a
115 |3 |6
7 112
9 |4
1019
124

It then immediately follows that w;; also commutes with uge by Lemma [2.2.7]
with ¢.

Next, we consider all vertices [ such that d(I,1) =1, i.e. | € {2,4,7}. We again
apply Lemma [2.2.5
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Lemma [2.2.5
Joltp |a
112 |5 |7
8 |4

11]5

4 13 |7

5 |7

716 |3

8 |4

We get that u;;ursu;s = 0 by applying Lemma [2.2.6| with ¢ := 6. It is applicable
since applying Lemma with the automorphism v — v +1 mod 12 yields that
uge and u,g commute, since we already have commutation of ug; and u,5. We thus
have commutation of u;; and wuys.

For | = 4, we still need to show that u;;upsu;7 = 0 and w;yursu;10 = 0. We have
commutation of ug, with both wu,s and u,12 by Lemma m with the automorphism
v = v+ 3 mod 12, since we have commutation of ug; with both w,5 and u,9. We
can thus apply Lemma to both monomials, once with ¢ := 8 and once with
q := 12, and get that u;; and ugs commute.

For [ = 7, we need to show that u;jugru;s = 0 and u;ugru;10 = 0. Again, similar
to above, we have commutation of ug; with both wu,3 and u,1; by Lemma with
the automorphism v +— v 4+ 6. We can then again apply Lemma once with
q := 3 and once with ¢ := 11 and get that u;; and ug; commute.

We now have commutation of all generators u;; and uy where d(, 1) = 1 and thus
we also have commutation of all generators u;; and uy, where d(i, k) = d(j,1) = 1.

Only missing are now the vertices 3 and 6. For these, applying first Lemma|2.2.4]
and then Lemma shows the commutation of u;; with ugs and g :

Lemma [2.2.4 Lemma [2.2.5
gt e |p Joltp |a
1 |3 |12 ]{1,11} 113 [11]4

6 |5 |{1,10} 6 |10]2
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We therefore have that all generators commute and we get G ,(C12(3,6)) =
Gaut(012(37 6))
0]

4.3.1.8. PROPOSITION. The graph C15(4,6) does not have quantum symmetries.

PROOF. Again we note that we have the following automorphism of C15(4,6):
¢ = (2,12) (3,11) (4,10) (5,9) (6,8),

i.e. the mirroring on the edge that goes through 1 and 7. As was the case for
C12(3,6), it suffices to show that w;; and ug commute for [ € {2,3,4,5,6,7}, since
the commutation with the rest of the generators then follows from Lemma with
©.

We now first consider u;; and ugs. Applying Lemma already yields their

commutation:

Lemma [2.2.5
Jotip |a
115 |4 |8
6 |9
9 |1
1119

Using this, we can show commutation for those vertices [ that satisfy d(1,1) = 2,
i.e.l € {3,4,6}. We again apply Lemma to these vertices to reduce the number

of terms we have to consider:
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Lemma [2.2.5
Joltp |a
113 [10]11
12|16

4 12 |7
712

9 |7
1112

6 |3 |4
4 12

9 |2

Starting with vertex 3, we see that
Witlgs = Wit Ukg (Wi + Uis + Wi + Wig) -

We note, that the automorphism that rotates 1 onto 3 maps 5 to 7 and we thus
get wizugr = upruz for any i,k € V(C12(4,6)) by Lemma . We can thus apply
Lemma [2.2.6| with ¢ := 7 to 1,3 and 5, since 7 ~ 1 but 5 ¢ 7 and get u;;ugsu;s = 0.

Recall, that by Definition [2.2.12] we denote by CN(z, j) the set of common neigh-
bours of the vertices ¢ and j. We now get by Lemma that w;;ugsu;e = 0 and
that w;ugsu;s = 0, since |[CN(1,3)| = 3, |[CN(3,6)| = 2 and |CN(3,8)| = 4. We thus
have commutation of u;; and uys.

Looking at vertex 4, we see that we have
Ui Uk = Uit Ups (Ui + Uig) -

We can apply Lemma [2.2.13] to see that ujugue = 0, as |CN(1,4)] = 2 and
|CN(4,6)| = 6. By this, we also get commutation of u;; and 4.

Lastly, looking at vertex 6, we see
Ui Uk = Uit Uke (Wi1 + Uiglio + Uit ) -

We will now show, that uig commutes with w;z and wu;9. If this is the case, then we

get
Ui Uiy = Ui UigUpe = O

Ui UkeUig = Ui UigUpe = 0.
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Consider the automorphism
o= (16)(25)(34)(712)(8 11)(9 10).

Since o maps 1 to 6, we can translate the question of whether uig commutes with
other generators to the question whether u,; commutes with other generators, for
any vertex v by using Lemma [2.2.7 If we thus want to know, whether us and u;s
commute, we can instead ask, whether u,; and u,;; commute. Since we already
know that u,; and wu,3 commute for any vertices v,w, and since the mirroring
automorphism ¢ from above maps 1 to 1 and 3 to 11, we get that u,; and w11
commute for any v, w, again by Lemma [2.2.7, Therefore, also ugs and u;5 commute.

Next, to see that ugg and u;9 commute, we need to show that wu,; and .19
commute. But we already know that u,; and u,, commute and since ¢(4) = 10, we
get commutation of u,; and w19 and thus also of uig and u;g.

Lastly, we can apply Lemma [2.2.6] with ¢ := 2 to see that
Ui ugetizn = 0.

To apply this lemma, we need that uig commutes with u,o for any vertex r. This
can easily be seen by using Lemma with the automorphism 7/(v) := v + 1
mod 12, as this maps 1 to 2 and 5 to 6.

We thus have that w;; and ugs commutes and thus have commutation of all w;;
and ug where d(i, k) = d(j,1) = 2.

We still need to show commutation of wu;; with uge and with wug;. Applying
Lemma [2.2.4] with ¢ := 4 to 1 and 2 yields

Ui Uky = Ui Upz (Ui + Us) -
Since we have already seen above that ug, and u;s commute we get
Uit Ukalis = Ui UieUg2 = 0
and thus get commutation of u;; and wugs.
Applying Lemma [2.2.4 with ¢ := 4 to 1 and 7 yields
Ui gy = wi gy (Uin + Uig + Uir1) -

Since there is an automorphism that maps 1 to 6 and 2 to 7, namely the one given
by v — v+ 5 mod 12, we can use Lemma to get that ug; and u; commute
and thus

Ui Ugrie = 0.

Similarly, the automorphism v — v — 2 mod 12 maps 1 to 11 and 7 to 5, and we
thus get with Lemma that u,y and u;1; commute and thus

Uit Uz = 0.
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All in all we get that u;; and ug; commute and with that, all of the generators
commute and we get G, (C12(4,6)) = Gaui(Ci2(4,6)). O

aut

Summarizing the last few propositions, we have the following.

4.3.1.9. PROPOSITION. The graphs C12(2), Ci2(4), C12(2,6), C12(3,6) and
C12(4,6) do not have quantum symmetries

All in all, we thus see that of the twelve circulant graphs on 12 vertices, four

have quantum symmetries and eight do not, as can be seen in the following table.
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Graph Automorphism Group | Quantum Automorphism Group
Chz Dy Dy
C12(3) | D12 Dy
C12(6) Drz D1z

K1z Si2 St
C12(5) A ?
C12(4,5) | Hy X S3 H x Ss
C12(5,6) | A ?

C12(2) Dy D1,
C12(4) Drz D1z
C12(2,6) | Do D1z
C12(3,6) | Do Dy
C12(4,6) | Dio Dy

Here we call
A = (Zo x (((Zg X Zy X Ly X Ly) X Liy) X Li3) X Lig)) X ZLis.

4.3.2. Semi-circulant graphs. As was the case with the circulant graphs,
we see that some semi-circulant graphs have disjoint automorphisms and therefore

quantum symimetries.

4.3.2.1. PROPOSITION. The graphs C12(57), C12(3",6) and C12(57, 6) have quan-

tum symmetries.

ProoF. The graphs have the following disjoint automorphisms and thus have
quantum symmetries by Lemma [2.2.2]

Graph Automorphism 1 | Automorphism 2

Ci(5%) | (17)(28) (39)(4 10)

Cia(3%,6) | (27)(310)(6 11) | (1 8)(4 9)(5 12)

C12(57,6) | (17)(28) (39)(4 10)
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For (C12(3%,6), we managed to compute the actual quantum automorphism

group. Again, we give the proof in Section [4.5
4.3.2.2. PROPOSITION. The graph C12(2,5%) does not have quantum symmetries.
PrOOF. We begin by showing that u;; commutes with those generators u;; where

d(l,1) =1, ie 1 € {2,3,6,11,12}. As a first step, we apply Lemma to these

vertices:

Lemma [2.2.5 Lemma [2.2.5 Lemma [2.2.5
gt r |q gt r |q gt r |q
1 (2 |3 |1 116 |5 |2 1 11212 |4
9 |3 712 712
123 8 |2 10| 2
3 12 |4 1119 |3 111

5 |2 10]2

8 |2 1213

From the above, we already see that u;; and w2 commute. By Lemma
we get commutation of all u;;» and wuy where j” is uneven and I’ = 7' — 1 mod 12,
using the automorphism v +— v +2 mod 12 repeatedly for the lemma.

Next, we note that for the commutation of u;; and wuge, the only thing missing
is that

Uit UgoUig = 0.
This can be seen using Lemma with ¢ := 3 and the fact that uge and u,3
commute by the above.

Similarly, we only need

Ui U3ty = 0
to see that u;; and ugz commute and can see that again with Lemma with
q:=2.

In order to see that u;; and uig commute, we need that
Ui UpeUiy = 0.
By Lemma with the automorphism
©=1(16)(25)(34)(712)(8 11)(9 10)
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we get that uge and u;y commute, since ¢(1) = 6 and ¢(3) = 4 and we have already

shown commutation of u; and u;3. We thus get
U UppUis = Ui UigUpe = 0
as desired.
For the commutation of u;; and u;; we need
U Up11Uig = 0.

Since we already know that ug;; and w190 commute, we can apply Lemma |2.2.6| with
q := 10 to achieve this. We thus have commutation of all generators w;; and wuy
where d(j,1) = 1.

For some vertices [ with d(,1) = 2 it is enough to apply Lemma first and
then Lemma to get that the missing monomial is 0:

Lemma [2.2.4 Lemma [2.2.5
il g |p gl p |q
1 |4 |3 |{1,8} 1 14 |8 |2

5 |6 |{1,8} > |8 |2
10 |5 | {1,2} 1012 |6

For the other three vertices, we also first apply Lemma [2.2.4f

Lemma [2.2.4

J|lU g |p

1|7 |6 | {14}

8 |6 |{1,4,5}

9|7 |{1,3,4}

To get that u;;ugru,s = 0 we apply Lemma [2.2.6| with ¢ := 5.

Next, we consider the automorphism
o= (112)(211)(310)(49)(58)(6 7).

We see that o(1) = 12 and o(5) = 8 and thus with Lemma we get that wuys
and u,1o commute. To see now that both w; ursu;s = 0 and wu;ursu;; = 0 hold, we
can apply Lemma [2.2.6| with ¢ := 12 to each of those monomials. With the same

automorphism o, Lemma shows that uxg and u,;2 commute, and again, we see
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that u;ugou;z3 = 0 and u; urouis = 0 hold by applying Lemma with ¢ := 12 to
both monomials.

All in all we see that all generators commute with u;; and thus with Corol-

lary we get G (C12(2,5T)) = Gaue(C12(2,5)). O

4.3.2.3. PROPOSITION. The graph C12(4,5") does not have quantum symmetries.

PROOF. For the vertices [ € {3, 10,11, 12}, it is sufficient to apply Lemma

to show that u;; and uy commute:

Lemma |2.2.5 Lemma [2.2.5

J|tip |q J|tip |q

1 {3 |5 |2 1 1112 |10

6 |12 5 |10

9 |12 6 |10

10| 12 8 |2

1214 9 |8

1013 |1 1214 |6

4 |2 7|2

712 8 |2

8 |2 11]1
124

We will now take a look at the rest of the vertices in distance 2 to the vertex 1,
ie. | € {4,7,8}. To simplify, we will again first apply Lemma [2.2.5}
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Lemma [2.2.5
gl p |q
1 14 (2|5
6 |7
7|2
714 |2
5 |4

9 |6

8 16 |9
10] 11

1)1

Next, we want to show that u;;upsu;9 = 0 and u;;upsu;10 = 0 hold. For this, we

first observe that the permutation
p=(14)(23)(512)(6 11)(7 10)(89)

is an automorphism of C12(4,5%). By Lemma with ¢ we thus get that uy, and
uyo commute. We can thus apply Lemma to both monomials with ¢ := 2 to
get the desired result and see that u;; and ups commute.

For [ =7, we want to show that w;;ugru;e = 0 = ujugpru0. Similarly to above,
we note that

o= (17)(28)(39)(410)(511)(6 12)

is an automorphism of C15(4,5") and thus by Lemma we get commutation of
ug7 and u,.9. Then, by Lemma [2.2.6| with ¢ := 9, we get the desired result and thus
u;1 and ug; commute.

For [ = 8, we need to show that w;jursu;s = 0 = u;;ursu;s. In this case, we use
the automorphism of C5(4,5%)

7= (18)(27)(36)(45)(912)(10 11).

Using this with Lemma m, we see that ugg and u;s commute and can thus apply
Lemma [2.2.6| with ¢ := 6 to get the desired outcome. We thus get that u;; and ugg
commute and with this, all generators u;; and uy commute where d(j,[) = 2.

For the remaining vertices [ with d(l,1) = 1, we now apply Lemma and,

where necessary, Lemma to see that the remaining monomial also vanishes:
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Lemma [2.2.4 Lemma [2.2.5
gt |a |p J |l p |a
1 |5 |12 |{1,4} 1 15 ][4 1|6

6 |12 |{1,7} 6 |7 |2
9 |12 |{1,8} 9 |8 |2
2 |12 | {1}

We therefore see that all generators commute and we get G ,(Ci2(4,57)) =

Gaut(012(47 5+)) |:|

All in all; the following table summarises the results for semi-circulant graphs:

Graph Automorphism Group | Quantum Automorphism Group
C12(57) Zo X Sy ?

C12(37,6) | Hy x S3 Hy x Ss

C12(57,6) | Zy x S, ?

C12(2,57) | Dg Dg

C12(4,57) | Dg Dg

4.4. Special Cases

4.4.1. The Icosahedron. It was shown by Schmidt in his PhD thesis that the
Icosahedron does not have quantum symmetries.

4.4.1. PROPOSITION ([75]). The Icosahedron does not have quantum symmetries.

4.4.2. The line graph of Cy(2).
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12 11

4.4.1. PROPOSITION. The graph L(Cs(2)) does not have quantum symmetries.

PROOF. The commutation of u;; with uy, for I € {4,5,6,7,8,11,12} can be seen
by just applying Lemma [2.2.5¢

Lemma [2.2.5 Lemma [2.2.5 Lemma [2.2.5 Lemma [2.2.5
Jltp |a Jtp |a J|tp |a Jltp |a
114 1319 116 (2 |10 118 [2 |10 1 1122 |4
5 |7 715 319 3 |5
8 |2 8 |2 9 |3 4 12
1012 9 |3 10| 2 5 |1
1115 127 1112 |7
516 |3 7T 14 |2 3 |6
9 |12 9 |4 6 |3
1016 10] 11 701
12]1 1)1

The only vertices [ for which we still need to show commutativity of u;; and wuy,
are thus [ € {2,3,9,10}. However, since we have the following three automorphisms
in Guut(L(Cs(2))), we only need to show it for one such [ and the rest follows
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immediately by Lemma [2.2.7}

@ = (23)(46)(57)(9 10)(11 12)
o= (29)(310)(5 11)(7 12)
7= (210)(3 9)(4 6)(5 12)(7 11).

We will therefore now show commutation of u;; and ug,. We do this, by first applying
Lemma [2.2.4] and then using Lemma to see that the remaining monomials

vanish:

Lemma [2.2.4 Lemma[2.2.5
J |l |q|p J |l |p|q
112 (4 ]{13,5} 1 12 |3 1|6
5 |6
All in all we thus get that G,(L(Cs(2))) = Gau(L(Cg(2))). O

4.4.3. The truncated tetrahedron. We want to show, that C(G,,(Trunc(K,)))
is commutative, i. e. that G (Trunc(Ky)) = G, (Trunc(K,)).

4.4.1. THEOREM. The truncated tetrahedron, I' = Trunc(Ky), shown below, does

not have quantum symmetry, i. e. C(G/},,(T')) is commutative.

| N
AN /

7T — 8

d

RN

11 12

Before we prove the above theorem, we want to collect some properties of I'.

4.4.2. PROPERTIES.

o [' has diameter 3, i.e. the largest distance between two vertices is 3.

e [ is 3-reqular, i.e. every vertex has exactly 3 neighbours.

o ' consists of 4 triangles.

o Fach vertex of I is connected exactly to two vertices in the same triangle

and one vertex in a different triangle.

79



CHAPTER 4. QUANTUM SYMMETRIES OF GRAPHS

We now want to introduce some notation to make talking about the different

triangles easier.

4.4.3. DEFINITION.
(i) We denote by T the set of the four triangles that make up I'.
(ii) Let v € V(I'). We denote by T'(v) the triangle containing v.
(iii) Let v € V(I'). We denote by AT (v) the unique triangle that is adjacent
to v, i.e. that is connected to v by an edge but is different from T'(v).
(iv) Let v € V(I'). We denote by NT(v) := T\{T(v), AT (v)} the set of
non-adjacent triangles of v.
4.4.4. LEMMA. Let v,w € V(I') be two vertices. If they are in the same triangle,

then their adjacent triangles are distinct:
Tw) =T(w) = AT (v) # AT (w).
4.4.5. LEMMA. Let v,w € V(I') be two vertices with d(v,w) = 2. Then it holds
that either v is in the adjacent triangle of w or vice versa:
dlv,w) =2=v € AT (w) Vw € AT (v).

PROOF. If v is not in AT (w), then in order to reach v from w, one step has to
be made inside 7'(w). Since d(v,w) = 2, the next step, which is the first step out of
T(w), will have to reach v already. Thus, by the definition of AT'(v), the triangle
we just left is AT(v). Since it is also T'(w) we get w € AT (v). The proof can be
visualized with the following sketch:

wq v wq

w3

0
4.4.6. LEMMA. Let v € V(I') be a vertex. All vertices w € V(') that fulfill
d(v,w) =3 are in the triangles in N'T (v) = T\ {T(v), AT (v)}.

PROOF. Indeed, if w was in T'(v), then the distance of w to v would be 1. On
the other hand if w € AT'(v) holds, then either d(v, w) = 1, if w is the unique vertex
in AT (v) that shares an edge with v, or d(v,w) = 2, as w is connected to the vertex
in AT(v) that shares an edge with v. O

We now come to the proof of Theorem |4.4.1]

PROOF. Let (u;;)1<;j<n be the generators of C(G,,(T)). We want to show that
wijup = uguw;; for all 4,5, k1 € V(I'). By Lemma it suffices to show the
statement for i, j, k, [ such that d(i, k) = d(j,1).
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Step 1: d(i,k) = d(j,1) = 1: Since ' does not contain any quadrangles, by
Lemma[2.2.9we have G/, (T') = G,
d(y,1) = 1.

Step 2: d(i, k) = d(j,1) = 2. Let us fix j € V(I'). Then there are four vertices
at distance 2 from j: two of them are in AT(j), reached by following the edge into

(I') and therefore u;jug = ugu;; for all d(i, k) =

AT(j) and then following either edge within the triangle, and one is in each of the
triangles in N'T(j), reached by following either edge within 7'(j) and then taking
the single edge that leads out of T'(j). Let us sketch the situation:

In this situation, [; and [ are the vertices at distance 2 that are in AT'(j) and I3
and Iy are each in one of the triangles of N7 (j). Note, that while /5 and I4 are not
in AT'(j), it holds that j € AT(I3) and j € AT(l4) by Lemma [4.4.5] Let now [ be
one of [ and Iy, i.e. [ is a vertex such that d(j,l) =2 and [ € AT(j). We will show,
that for all i,k € V(I') with d(i, k) = 2 the following holds:

Ui Ukl = Ui UiUij-

Then, by Lemma [2.2.1] we have w;juy = upu;;. We want to use Lemma with
distance m = 2 and choosing s = ¢ = 1, which we can do since G ,(I') = Gz ,(T),
we want to find a vertex ¢ for which it holds that d(j,¢) = 1 and d(q,l) = 1. If we
choose ¢ such that the only vertex p fulfilling d(p,!) = 2 and d(p,q) = 1 is j, then
we get the desired result. Let us again take a look at the situation we have.

q J
Il [

Choosing ¢ as indicated in the sketch above, we see that there are three vertices
adjacent to ¢, one of which is [ and one is j. The third vertex is in the same triangle
as [ and thus is at distance 1 from [. Therefore, the only vertex adjacent to ¢ and
at distance 2 from [ is in fact j. Lemma yields

Uil = UigUpl Z Wip = Ui UpiUss.
p; d(p,1)=2
(p.q)eE(T)
Thus, for all 4,5, k,1 € V(I') with d(i,k) = d(j,1) = 2 and | € AT(j), w;; and wuy
commute. As noted above, it holds that if [ ¢ AT'(j), we have j € AT(l). Therefore,
we get that u,;; and uy commute for all ¢, 7, k,{ with d(i, k) = d(i,5) = 2.
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Step 3: d(i, k) = d(j,1) = 3. Fixing again j € V(T'), we know by Lemma [4.4.6]
that all vertices [ with d(j,1) = 3 are in the triangles in N7 (j), in other words [ ¢
{T(j),AT(j)}. Note moreover, that N7 (j) = {AT(v), AT (w)} it T(j) = {j,v, w}.
Indeed, there are 4 triangles in total, and since T'(j) = T'(v) implies AT'(j) # AT (v),
we can write the set of all triangles as T = {T'(j), AT (j), AT (v), AT (w)}. Let now
[ be a fixed vertex at distance 3 from j and let v € T'(j) be the vertex that satisfies
[ € AT(v). We are thus in the situation sketched below.

J v l
Iw I

In this situation, we can use Lemma with s = 1, t = 2, putting q := v, to get
for all i,k € V(I'), d(i, k) = 3 that

Uij UKL = Ui Ul E Usgp-
p; d(p,l)=3
(p,9)€ET)

Note that we can apply Lemma here as we have shown above, that u,, and
Uy commute with d(z,2") = d(y,y’) = 2 and thus in particular for all a with
d(a, k) = 2 it holds that uj and u,, commute.

Since we have d(w,[) = 3 we get that j and w are connected to ¢ and at distance

3 to [ and Lemma thus yields
Wi Uy = WijUpg (Uij + Uiy) -

It remains to show that we have w;jugu,, = 0 for all d(i,k) = 3, since then
iU, = Uijjuku;; and thus u;; and wuy commute by Lemma . We want to
apply Lemma to 4,7, k,l and w in order to show this. We thus have m = 3.
The lemma is applicable, since we have w # j and d(w,l) = 3. We want to find a
vertex ¢ and a distance s, such that d(q,l) = s and d(j, q¢) # d(q, w) and that more-
over fulfills that [ is the only vertex satisfying d(q,l) = s, d(l,j) = 3 and d(l,p) = 3.
If we find such a ¢ and s we are done, since then, by Lemma Wi Uy Uiy = 0.
We put ¢ as the unique vertex in AT(j) that is adjacent to j and s := d(q, ).

We are thus in the situation sketched below:

Then obviously s = d(q,[) holds. Moreover, 1 = d(j,q) # d(w,q) = 2 holds, since
T(q) € NT(w). It remains to show, that for any vertex x € V(I') the following
holds:

d(z,q) = s and d(z,j) =3 and d(z,w) =3 =z = [.
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Let therefore such a vertex x be given. We claim that x € AT (v).

Indeed, if = ¢ AT (v), then either x would have to be in T'(v) or T'(x) would have
to be in N'T (v). But if z € T'(v) = T(j), then d(z,j) < 1 which is a contradiction
to d(x,7) = 3. If on the other hand we have T'(z) € NT (v) = {AT(j), AT (w)},
then we have either x € AT'(j) or x € AT (w). If z € AT(j), then d(x,j) < 2 as was
argued above, which is again a contradiction to d(z,j) = 3. If + € AT (w) we have
by the same argument that d(z,w) < 2, which is a contradiction to d(z,w) = 3.

We thus have © € AT (v) = T'(1). Let us look at another sketch of the situation,

in order to name the relevant vertices.

We know so far, that = € {r,y,l}. Since however d(j,r) = d(w,r) = 2 # 3 we can
narrow it down to x € {y,l}. It remains to show that d(q,l) # d(q,y), since then
we have shown that = [. In the sketch above, we see that T'(q) € NT (r) and thus
we have either ¢ € AT(l) or ¢ € AT (y). We will show the claim for ¢ € AT(l), the
other situation can be shown similarly. If ¢ is in AT(), then we have d(q,l) < 2,
and since the unique vertex connected to ¢ that is in a different triangle is already j,
we even know d(q,l) = 2. We will now show, that d(q,y) = 3. Since I' has diameter
3, we already know, that d(g,y) < 3. Since a shortest path from [ to ¢ is of length
2, any path from y to ¢ via [ will have at least length 3 and there is also a path of
length 3 via [. Moreover, any path from y to ¢ via r will be at least of length 4, as
can be seen in the sketch above. The last possibility to reach ¢ from y is thus by
first traversing AT (y). But since ¢ ¢ AT (y), which is the case as ¢ € AT(l), any
such path will consist of first taking the edge from y to AT (y), then taking one edge
within AT (y) and then leaving AT(y) via a third edge, and thus such a path is at
least of length 3 again. We thus conclude d(q,1) =2 # 3 = d(q, y).
Therefore, we can apply Lemma and get

Usj E Ukg | Ui = WijUkiUiw = 0.
z; d(z,j)=d(z,w)=3
d(g,x)=d(g,l)

We thus conclude that w;; and wuy commute for any ¢,7,k,0 € V(I') such that
d(i, k) =d(j,1) = 3.
Since the diameter of T' is 3, we now know that all generators of C(G/,,(T))
commute and thus G, (T') = G (T).
O
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4.4.4. The distance 3 graph of the truncated tetrahedron. In this
section, we will show that the distance 3 graph of the truncated tetrahedron,

Antip(Trunc(K,)), does not have quantum symmetry.

4.4.1. THEOREM. The distance 3 graph of the truncated tetrahedron as shown
below, T' = Antip(Trunc(Ky)), does not have quantum symmetry, i.e. C(GJ,(T))

18 commutative.

—
/

AN

LN

11 12

5,
3
7

9 —

We collect some properties about the graph before proving the theorem.

4.4.2. PROPERTIES.

o [' has diameter 2.

o [' is 4-reqular.

o The graph is made up of 4 disjoint triangles, i.e. for each vertex v € V, it
holds that there are two other vertices w and x, such that {v,w,z} forms a
triangle and for all other vertices y € V\ {v,w, x} it holds that if (v,y) € E
then v and y have no common neighbour. We will call this triangle T (v).

o Fvery vertex v is also part of three distinct quadrangles. On the one hand,
it is part of one containing vertices from all 4 triangles and on the other
hand it is part of two quadrangles each containing 2 vertices from T'(v) and
2 vertices from another triangle. Both of the latter vertices share a triangle
however.

o All vertices that are not connected have either one or two common neigh-

bours.
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e For every pair of vertices that are in the same triangle, there is a unique
quadrangle containing the same two vertices.

e For every pair of vertices that are in distance 2, if they are in a quadrangle,
then this quadrangle is unique.

e For every pair of adjacent vertices that do not share a triangle, there are

2 quadrangles containing both vertices.

4.4.3. DEFINITION.

(i) If v € V is a vertex, we denote the unique triangle containing v as T'(v).

(ii) If v,w € V and d(v,w) = 2, we want to count the number of distinct
triangles connected by a possible quadrangle containing v and w. For
this, we first note, that if a quadrangle Q(v,w) containing v and w ex-
ists, then it is unique, i.e. there are no two distinct quadrangles contain-
ing both v and w, for d(v,w) = 2, as was noted in the Properties m
above. We now put for an existing quadrangle Q(v,w) consisting of the
vertices {v,w,z,y} the set of triangles connected by this quadrangle as
T(Q(v,w)) :={T(v), T(w), T(x), T(y)}. With this, we define

0, if v and w do not share a quadrangle

Q(U,U)) = .
|7 (Q(v,w))| otherwise.

Note, that by the properties of I' listed above, we have that Q(v,w) €

{0,2,4} for all vertices v and w at distance 2.

4.4.4. LEMMA. Let v and w be two vertices in I' such that d(v,w) = 2 and
Q(v,w) = 0. Then the unique common neighbour p of v and w fulfills that we have
either p € T'(v) or p € T'(w).

PROOF. The fact that p exists comes from the fact, that d(v,w) = 2 and there-
fore, there is a path of length 2 from v to w. Since however there is no quadrangle
containing both v and w, there can not be two common neighbours.

The fact, that p € T'(v) or p € T'(w) holds, comes from the fact that each vertex
has 4 neighbours, two of which are in the same triangle as the vertex itself, and the
other two are in two distinct different triangles. Thus, if we take one edge incident
to v that leads to a triangle different from 7'(v), the vertex we reach has only one
neighbour apart from v that is in a different triangle than itself. Therefore, there is
only one option to take another edge to a completely new triangle. Repeating this
twice more, we again reach v, and since each time there was only one choice, we
have traversed the unique quadrangle containing v and connecting all 4 triangles.
Since v and w do not share a quadrangle however, none of the vertices we traversed
was w, and thus on the path from v to w, at least one of the two steps has to be

made within the same triangle. O
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4.4.5. LEMMA. Let v # w be two vertices in I' such that T(v) = T(w), in
particular we have v ~ w. There is at most one vertex s € V such that d(v,s) = 2,

Q(v,s) =0 and w ~ s hold.

PRrROOF. Observe, that both v and w have 4 neighbours, as I' is 4-regular, and
2 of these neighbours are in the same triangle. Thus, each of v and w have two
neighbours in triangles that are distinct from T'(v) = T'(w). We note, that as soon
as v has a neighbour ¢ in the same triangle as the neighbour s of w, we have that
{v,w, s,t} forms a quadrangle, as s ~ t follows from the fact that they share a
triangle. Note moreover, that s = ¢ can not be the case, since otherwise {v,w, s}
would form a triangle, which contradicts T'(s) # T'(v). Therefore, we have that
d(v,t) =2 and Q(v,t) > 0.

If we have on the other hand that as soon as a neighbour s of w is in a triangle,
in which v does not have a neighbour, then d(v,s) = 2 and Q(v, s) = 0.

However, as there are only 3 triangles in I" distinct from 7'(v), and as both v and
w have each 2 neighbours in distinct triangles, at least one pair of neighbours has to
be in the same triangle. Therefore, at most one neighbour s of v fulfills d(v, s) = 2

and Q(v,s) =0. O

PROOF. of Theorem Let (uij)1<ij<n be the generators of C'(G,

aut

(T')). We
will prove that w;juy = ugu,; for all i, j,k,0 € V(') in several steps. Recall, that
by Lemma [2.2.3, we only need to consider the case where d(i,k) = d(j,1), since
otherwise the product is already 0 and thus the generators commute.

Step 1: Let first d(i, k) = d(j,1) = 1. Let now i and k be in the same triangle
and let also j and [ share a triangle. Then, by the Properties [£.4.2] of T, 4, j, k and
[ fulfill the premise of Lemma [2.2.11} We thus get w;jun = ugu;; by Lemma [2.2.11]

If we have that one of the pairs of vertices {i,k} or {j,(} share a triangle and
the other does not, we are in the premise of Corollary and therefore we get
iU = uku;; = 0 for these choices of ¢, 7, k and .

For d(i, k) = d(j,1) = 1, we now still need to show the case where neither ¢ and
k nor j and [ share a triangle. However, in order to show the claim for this case, we
will first need to consider the case of distance 2.

Next, we will consider vertices, such that d(i, k) = d(j,1) = 2. Here we will make
a case distinction on Q(i, k) and Q(j,) as defined above in Definition [£.4.3]

Step 2: We first consider the cases where Q(i,k) # Q(j,1). In these cases, we
will prove w;;ur = 0. Let therefore Q(i,k) = 2, Q(j,1) = 4. Let ¢ be a common
neighbour of j and I. Then T'(¢) ¢ {T'(j),T(l)} since Q(j,1) = 4 and q lies in the
quadrangle connecting 7 and [. For any common neighbour s of ¢ and & however, we
have either s € T'(i) or s € T'(k), since s is in the quadrangle containing ¢ and k£ and
as Q(i, k) = 2 there are vertices from only two distinct triangles in this quadrangle,

which are T'(¢) and T'(k). Since i and k have exactly 2 common neighbours, we call
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them s; and sy, where s; € T'(i) and so € T'(k). We thus get

(4.4.1) WijUp = U E UsgUpl = Ui § UggUpl = WjjUs, Ut + WijUsyqUi-
seV seV
S~
s~k

Since however, by Step [I, we know that ueuc = 0 if T'(a) = T(c) but T'(b) # T(d)
or vice versa, we get

uijuslq =0
since ¢ ¢ T'(j) and

uSQqukl = 0

since ¢ ¢ T'(1). This together with yields
UijUR = 0.

The same argument can be used to show that u;;uy = 0 if Q(i, k) = 4 and Q(j,1) =
2.

Step 3: Let now Q(i, k) = 0 and Q(j,1) = 4. Since Q(i, k) = 0, there is no quad-
rangle containing both ¢ and k. Then ¢ and k have exactly one common neighbour,
let us call it p. By Lemma[4.4.4] we have, that either p € T'(i) or p € T'(k). Let now
q be one of the common neighbours of j and [. As was argued in Step [2| we have
that T'(q) ¢ {T(4),T(1)}. We get

UijUEKL = Ug Z UsqUkl = UijUpqUEL
seV

as ¢ is a common neighbour of 5 and [ and p is the only common neighbour of ¢ and
k. If now q € T(i), we get by Step [1| that

UijUpg = 0
as p ¢ T(j) and similarly, if ¢ € T'(k) we get
UpqUkl = 0.

Thus, we get
Ui Uk = UjjUpgUpy = 0.
We can show similarly, that w;juy = 0 if Q(i, k) =4 and Q(j,1) = 0.

Step 4: Let Q(i,k) = 0 and Q(j,1) = 2 and let p be the unique common neigh-
bour of i and k. We argue as in Step |3| that either p € T'(i) or p € T(k) holds.
We know moreover that j and [ have two common neighbours, let us call them ¢,
and ¢go. We assume without loss of generality, that ¢; € T'(j) and ¢ € T'(I). We
know by Step (1} that p € T'(i) implies u;jupg, = Upg wij, While p € T'(k) implies
Ukl Upg, = Upg, Ukt 1N both cases, we can apply Lemma to get that w;;uy = 0.
Similarly, we get that w;juy = 0 if Q(i, k) = 2 and Q(j,!) = 0 holds.

All in all, we see that

Ui = 0 = UpgUyj
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holds whenever we have Q(i, k) # Q(j,1).
Step 5: We now consider the three cases for Q(i, k) = Q(j,1). Let first Q(i, k) =
Q(j,1) = 4. Let now p € V\ {j} be a vertex that is distinct from j. We want to

show that for any such p, we have
u,-jukluip =0

since then we get

Uij UK = Ui Ul E Uiy = UijURI Uiy

veV
and then, by Lemma [2.2.1] u;; and uj commute. First, we note, that if p = [,
we have ugu; = 0, since k # i. Next, if d(l,p) = 1, we have uyu;, = 0, since

d(k,i) = 2, and then the statement follows from Lemma [2.2.3] The last case is
thus d(l,p) = 2. We note, that by the Properties of I, [ is part of exactly
one quadrangle connecting all 4 triangles, i.e. there is only one vertex v, such that
d(l,v) =2 and Q(l,v) = 4. Since j already fulfills both of these properties, we know
that Q(l,p) # 4. Therefore, we have Q(k, ) # Q(I,p) and thus uyu;, = 0.

Step 6: We now consider Q(i, k) = Q(j,1) = 2. Let p be again a vertex in V'\ {j}.
As above, we want to show

Ui U Wip = 0.

Again, we already get ugu;, = 0 if d(l,p) € {0,1}. Let therefore d(l,p) = 2. If now
Q(l,p) # 2, we get upu;, = 0 by Steps [2| and , as Q(i, k) = 2. We thus consider
Q(l,p) = 2. Let now ¢ be a common neighbour of i and k such that ¢ € T'(k)
and let s and ¢ be the common neighbours of j and [, such that s € T(j) and
t € T(l). In particular, we have that ¢ ¢ T'(i). We denote by Q(j,[) the unique
quadrangle containing j and [ and by Q(l,p) the unique quadrangle containing [
and p. We now argue, that d(t,p) # 1. If t and p were connected, there would be a
quadrangle consisting of vertices [ ~t ~ p ~ v ~ [, with the fourth vertex being a
common neighbour v # ¢ of [ and p. Such a vertex v exists since Q(I,p) = 2. Since
we know by the Properties of I', that two vertices in the same triangle only
share exactly one quadrangle, we thus get a contradiction, since we already have
te Q(j,l)=1~t~j~s~I Therefore, d(t,p) # 1. We compute

Ui Uk Uip = Uiy E Ugy U Uip = Usj E UguUkiWip = UjjUgsUkiUip T Ui Ugt Uk Uipp-
N——

veV 1{,,6\}; =0 since q¢T ()
v~ but s€T'(j)

Since ¢ € T(k) and t € T(I) holds however, we get by Step [1 that ug and wuy
commute, and we can continue the above calculation:

Ui jUgt Uk Wip = Uiy Ug Ugt Uip-

However, ¢ is a common neighbour of i and k, which means we have d(i,q) = 1, but
as we argued above d(t,p) # 1, and thus, by Lemma [2.2.3] we have ugu;, = 0 and
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thus
Uy Uk Ui = U Uk UgeUip = 0.
Therefore, we get w;juy = ugu;; by Lemma [2.2.1]

Step 7: Before we can go on to the case where Q(i, k) = Q(j,1) = 0, we need
to consider the last case of d(i,k) = d(j,[) = 1. Let therefore now be d(i, k) =
d(j,1) =1 and T'(i) # T(k) and T(j) # T(I). We will now show, that u,jugu;, =0
for p # j. Observe, that for d(l,p) # 1, we already get the statement. Moreover, if
T(p) = T(l), then we have uyu;, = 0 by Step[l] since T'(k) # T'(i) and we are done.

Let therefore T'(p) # T'(I). We observe, that there is a quadrangle, containing
both [ and 7, that connects 2 triangles. We denote by ¢ the vertex in this quadrangle,
that is in the same triangle as t. In particular, we have d(q,l) = 2 and Q(q,1) = 2.
Then, we have d(p,q) # 1: Assume p ~ q. Then j ~ g ~ p ~ [ ~ j would form
a quadrangle. However, if p were in T'(j), then p would be a common neighbour of
j and [. Since such a common neighbour does not exist, we conclude T'(p) # T'(j).
Since we moreover have T'(j) = T'(q), but T'(j) # T'(1), T(I) # T'(p) and T'(j§) # T'(p),
this quadrangle would connect 3 distinct triangles. Such a quadrangle does not exist

in I" however, and we conclude d(p, q) # 1. We can now compute

Ui Uk Uip = Ui E Upq Uk Wip = UjjUkl E : UngUlip = 0.

veV veV
v v
d(k,v)=2 d(k,v)=2
Q(k,v)=2 Q(k,v)=2
N————
=0 since
d(i,v)=1 but
d(q,p)=2

Here, the sum commutes with wuy by Step [0} as d(k,s) = 2 = d(q,1) and Q(k, s) =
2 = Q(q,!) for all summands holds. We conclude
Ui jURL = Ui UK UG5
and therefore u;; and uy commute by Lemma [2.2.1]
Step 8: Let now Q(i, k) = Q(j,1) = 0. We show again that
U j Uk Uip = 0

for all vertices p # j. As above, we already get that uu;, = 0, whenever d(l,p) #
d(i, k) = 2 or when d(l,p) = 2 but Q(I,p) # Q(i,k) = 0. We thus now consider
p € V\{j} such that d(I,p) = 2 and Q(l,p) = 0. We will denote by s the unique
neighbour of 7 and k, and by ¢ the unique neighbour of [ and p. We compute
UijUplUip = Uij Ukl Z UptUip = Uij Uk UstUip-
veV
We moreover denote by ¢ the unique neighbour of j and /. Then in particular ¢ # ¢/,

since p # j. Similarly to above, we get

Ui Ui Ust Ugp = UjjUst Ul U st Uip-
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Since however d(s, k) = 1 = d(I,t'), we know that ug and uy commute, and thus
UjjUst UplUstUip = Wi Uk Ust! Ust Uip = 0
as t # t'. We thus have w;;ugu;, = 0 for p # j and thus
UijUkl = Ui Uk Ug

and by Lemma u;; and wy; commute.
O

4.4.5. The cuboctahedral graph. In this section, we show that the cubocta-
hedral graph, which is the line graph of the cube, has no quantum symmetries. By
I' we will denote the cuboctahedral graph throughout the entire section, even if it

is sometimes not explicitly stated.

4.4.1. THEOREM. Let I' be the cuboctahedral graph as shown below. It has no

quantum symmetries, i.e. C(G/ () is commutative.

1 2

\/

\7
"

\/
T

11 12

Before proving the statement, we will again first collect some properties of the graph

in question.

4.4.2. PROPERTIES.

o ' has diameter 3, i.e. the largest distance between two vertices is 3.

o ' is 4-reqular, i.e. every vertex has exactly 4 neighbours.
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o [' contains 8 triangles.
e Fach vertex of I' is contained in exactly two triangles and every pair of

triangles overlaps in at most one vertez.

4.4.3. LEMMA. LetI' = (V, E) be the cuboctahedral graph. Then all vertices that

are adjacent have exactly one common neighbour.

PROOF. I is the line graph of the cube C' = (V' E’), i.e. the vertices of ' are
the edges of C' and two vertices of I are connected, if they share a vertex as edges
of C. Let now d,e € V = E’ be adjacent vertices in I, i.e. there is a vertex v € V'
of C, such that v € d and v € e. Since the cube is 3-regular, there is exactly one
other edge, let us call it f, that contains v. Then f is a common neighbour of d and
ein I'.

It remains to be shown, that d and e have no other common neighbour. For this,
let ¢ € E'\{d,e, f} be another edge of C' and let us assume that ¢ is a common
neighbour of d and e in I". It holds that v ¢ g since C'is 3-regular and the three edges
containing v are already d, e and f. Let us therefore fix g = (z,y) for z,y € V'\ {v}.
Since we have (g,d) € E and (g,e) € E by assumption, there is a vertex in g for
both d and e that they share with g. Since (d,e) € E we have d # e and thus the
vertices they share with g are distinct. Thus, without loss of generality, we have
d = (v,z) and e = (v,y). But then {z,y,v} form a triangle. Since the cube does
not contain any triangles, we have a contradiction, and thus g can not be a common

neighbour of d and e. 0

4.4.4. LEMMA. For each vertex v of I', there is exactly one vertex w of I', such
that d(v,w) = 3. We define the map a : V(I') — V(I') as the map mapping each

vertex to that unique vertex in distance 3.

Proor. We give the proof by giving illustrations of the 6 pairs of vertices in

distance 3.
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0

4.4.5. LEMMA. Let v,w € V be two vertices of T'. If d(v,w) = 2 then there exists

at least one verter x € V' that shares a triangle with both v and w.

PrRoOOF. Consider a shortest path from v to w and name the vertex that is
passed by x. Since all edges that contain vertex v only lead to vertices that share a
triangle with v, x shares a triangle with v. By the same argument, x and w share a

triangle. 0

4.4.6. LEMMA. Let v € V' be a vertex in I'. There are exactly two vertices that
have distance 2 to both v and a(v). Moreover, if w is one of these vertices, the other

one is a(w).

PrROOF. We denote by N(v) the neighbourhood of v, i.e. all vertices that are
adjacent to v. Note, that #(N(v) U N(a(v))) = 8, i.e. 8 vertices are either adjacent
to v or to a(v). This is due to the fact that I" has degree 4 and thus all vertices have
4 neighbours and moreover N(v) N N(a(v)) = {}. This holds, since if there was a
vertex adjacent to both v and a(v), this would yield a path from v to a(v) of length
2, which is a contradiction to d(v,a(v)) = 3. We thus have

VAN (v) UN(a(v)) U{v,a(v)}) = {w, z}

for some vertices w,z. One can check by hand, that d(w,z) = 3 for all choices of
v. O

We now come to the proof of Theorem [£.4.1]

PROOF. of Theorem Let (u;j)1<ij<n be the generators of C'(G/,,(T)). We
consider again vertices i, j, k, [ in increasing order of m = d(i, k) = d(j,1). Since I'
has diameter 3, m is maximally 3.

Step 1: m = 1. Since we know by Lemma that in T' all adjacent ver-
tices have exactly one common neighbour, we can conclude by Lemma that
szut(F) =G,

() and therefore w;jup = ugu;;.

Step 2: m = 2. We consider two cases:
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Step 2.1: d(a(j),l) = 1. If the unique vertex at distance 3 from j is adjacent
to [, we can apply Lemma by putting ¢ := a(j) and get

UijjUgl = Uijj Ukl E Uip = Uij Uk Uiy
pd(l,p)=2
d(a(j),p)=3

since j is the only vertex at distance 3 to a(j). We can apply the lemma, since we

have G/ ,(I") = GZ_,(T") by Step 1. We thus can apply Lemma to see that w;;

aut aut

and uy; commute.
Step 2.2: d(a(j),l) = 2. We apply again Lemma and this time we put ¢
as a vertex that shares a triangle with both j and [, which exists by Lemma [4.4.5|

Let us give a sketch of the situation.

This yields
UijUkl = Ui UKL E Uip -

p;d(p,l)=2
(p9)eE

The vertex ¢ has 4 neighbours, two of which are in the same triangle as [ and thus
have distance smaller than 2 to [. The remaining vertices are j and p and we thus
get

Wij U = Wi Ut (Uij + Wip).
We now want to show, that d(a(p),!) = 1. For this, first note, that by Lemma [4.4.6|
there are exactly 2 vertices that have distance 2 to both j and a(j) and since [ is
one of those, the other one is a(l). Moreover, this yields that the only vertices at

distance 2 to both [ and a(l) are in turn j and a(j). Therefore we get
(4.4.2) x ¢ {j,a(j),l,a(l)} it holds that d(x,l) =1 or d(x,a(l)) = 1.

Since we have that d(p,j) = 1, and thus p # j, and d(p,]) = 2 we thus get
d(p,a(l)) = 1. But then we get d(a(p),a(l)) > 1, since otherwise there would
be a path from p to a(p) of length 2 via a(l), which can not be. But then we get,
again applying that d(a(p),l) = 1. Now, we can use our results from Step

2.1 to see that uy and w;, commute. This yields
Uy Upg Ui = U jUipUgg = 0

since j # p. Therefore
UijURI = Uij UK g5

and again by Lemma 2.2.1} u,;; and uy commute.
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Step 3: m = 3. If d(i, k) = d(j,!) = 3 holds, we get with Lemma that
Ui Ukl = Uij Ukl Z Uijp = Ui UL Z Uip-
peV pid(l,p)=3

But since the only vertex at distance 3 from [ is j this yields
UijUgl = WijUkiUij

and by Lemma u;; and ug; commute.

4.5. Computation of Quantum Automorphism Groups

In this section, we give the computation of the quantum automorphism groups
of C12(4,5) and C15(3%,6). For these computations, we used in some places a non-
commutative Buchberger implementation as described in Section which was

implemented in the 0SCAR [66] package in the julia programming language [12].

4.5.1. THEOREM. The quantum automorphism group of C1o(4,5) is Hy x Ss.

PROOF. For the purpose of this proof, we will call C'5(4,5) =: I'. We first give
an illustration of the graph that highlights the action of the automorphism group on
its vertices, which will help in constructing the isomorphism between G, ,(T") and
HJ x S3. We also label the vertices of this graph differently than before to make it
easier to talk about the construction of the x-isomorphism between the two quantum
groups. Note that the colors in this illustration are only to make it easier to see the

action of the automorphism group on I' and are not an actual graph coloring.
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The universal C*—algebra defining H, x Ss is as follows:

C(HY x S3) = C*(vij,wi, 1 < i, j <4,1<k,1<3

4 4
Zviazzvajzl\vq §27]S4
a=1

a=1
3 3
E wkb:E wbl:1V1§k,l§3
b=1 b=1
2 _ ok
2 _ %

AC4’U = ’UAC4
Vij W = wklvij)-

Here, Ag, is the adjacency matrix of the 4-cycle Cy and v is the matrix with entries
v;j for 1 <d,j < 4. We use the fact that G/,,(Cy) = Hy, which was shown in [76].

aut

We now claim:

(i) The matrix @ with entries from C'(H, x S3) defined by

WU(iy,i2)(j1,52) = Virj1 Wizga

satisfies the relations of C(G/,,(T)).
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aut

ii) The elements 9;; and Wy, in C(G.,, (")) defined by
j

Uij = UGi,)(1) T UaG2) T UG G)
Wrr = ULk (1) T ULk 20 T+ ULR)BE,) T ULk 40)
satisfy the relations of C'(H; x S3).

Let us first prove :
For this, observe the following: We have

(il,iQ) ~ (k‘l, k‘g) in F
<:>227ék2/\(21:]€1\/21 ~Cy kl)

Let now (’il,ig) ~ (1{31, ]{?2) and (j17j2> 7é (ll, lg), i.e. for (’i17i2) and (k’l, ]{32) the above

observation holds, while for (ji, j2) and (ly,l3) we have:

Jo=1lV (1 #l A j1 e, lh).

In order to show that indeed i, i) (j1,jo) U(ky k2)(11,12) = 0, We make the following case
distinction:
e Case jp = lo:
Since we already know iy # ko, we get w,;,Wk,j, = 0 and thus
Uiy i) (1 2) Uk 2) (1 12) = Vi n Wingo Vknla Whago = Vi jy Wingo Whsjo Vkaly = 0
e Case jo # ly:
— Case i1 = ky:
We get vj, 5,05, = 0 and thus a4, i,) (1 jo) Uk ko) (11,02) = 0
— Case i1 ~¢, ki :
Since j1 #¢y i, we get v, Vg, = 0 and thus e, iy) (1 o) Uiker ko) (11,0s) =
0
It is moreover easy to see, that the relations of H, x Sz yield that all rows and
columns of 4 sum up to 1 and that the entries of u are projections, as they are just
(') we

products of commuting projections. From the universal property of C(G,,

thus get a *-homomorphism

o C(GH

aut(F)> - C(H;_ X 53)

Ui iz)(G1.52) 7 Winiz) (jr.2) = Vings Wizga -
It is also easy to see that all the generators of C(H, x S3) are in the image of ¢:
for example, v;,;, is the image of

U(iy,1)(jr,1) T U(ir,1)(,2) T Ui, 1) (1,3)

since
Wiy + wig +wiz =1,

and a similar argument holds for w;,;,. Therefore, ¢ is surjective.
We will next prove :
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We first note that using the Grobner basis for the ideal generated by the relations
of C(G.(T")), we see that

aut

(4.5.1) u(i,a)(k,b) = U(i’,a)(k’,b) for ¢ ’7éC4 ’i/, ) 75 i/ and k 7604 kl, k 75 k/.
Let i ¢, k and j ~¢, [ be given. We then have (i,1) ¢ (k,1) but (j,a) ~ (I,b)
whenever a # b. Therefore, g 1)(j,a)tk,1)00) = 0 whenever a # b and thus in the
product

0ij0k = (UG T U662 T Un6s) (UEnen + tenee) + tenes)

we only keep those products, where a = b and are left with

03Okl = Ui, 1) (j,1) Uk, 1)(1,1) T Ui, 1)(5,2) Uk 1) (1,2) T U(i,1)(5,3) Uk, 1) (1,3) -

By (4.5.1), we know that w1)1a) = U@1)@.a), Where I ¢, I Since j ~¢, I, we

know in particular that I’ # j and get w;1)(j,a)tU(i,1)(1,) = 0 and thus

j.a
;0 = 0.
Let now ¢ ~¢, k and j 7¢, | be given. Using a similar trick to above, we see that
U(i,1)(j,a)U(k, 1) (L) = 0, only this time using the fact that wg. 1)1.4) = uw 1)), and
get that all summands of that form in 9;;0;; disappear to get
Vi Okt =U(i,1)(7,0) Uk, 1) (12) T UG (7,0) Uk 1) (13)
UG, (52) Uk, D) (E1) T U1 (5,2) Uik 1)(L,3)
UG, (53) Uik, 1) (11) T U(E1)(5,2) Uik 1)(1,2) -
Using again to see that u,1)1,0) = Uk ,1)(,0), We get
Ui Okt =G, G )UK, DE2) U161 63)
TUGD G2 U DG T UG YR 3E3)
TUGD 3 U DG T UG URDG2)-
However, we know, that still (¢,1) 7 (k’,1) holds but we also have (j,a) ~ (j,b) for
a # b. Therefore, we have w1y, Uu 1)) = 0 and get
0;0p = 0.

It is easy to see, that the 9(;;) and the wy, are self-adjoint, as they are just sums of
self-adjoint elements. Moreover, Since (i, i) (jy o) U(is iz)(11,12) = 0 for (j1, J2) # (I, l2),
seeing 075 = 0y and Wy, = by is also straightforward.

It just remains to be shown that ) 0, =Y, Uaj =1 =D, W = »_, Wy. This
is easy to see for ) 0, and ), 1wy, since these sums are just sums over one row of

u. For ), aj =1 and > Wkp, the Grobner basis yields that the sums are equal to 1.

97



CHAPTER 4. QUANTUM SYMMETRIES OF GRAPHS

All in all, we get again by the universal property of C'(H; x S3) a *-homomorphism
' C(Hy x S3) = C(Ggy(T))
Vij = Vjj
Wij > Wij.
By , we see that all elements of u are hit by ¢’ and in particular, we have
that ¢’ is the inverse of ¢. We thus get, that C(H, x S3) and C(G/,(T)) are

aut
*-isomorphic. O

4.5.2. THEOREM. The quantum automorphism group of C1o(3%,6) is Hy x S3.

PROOF. For this proof, we will write C12(3%,6) =: I". We will give a picture
of the graph in question with vertices colored in such a way, that the action of the

classical automorphism group Hs x S3 is visible:
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Recall from above that he universal C*—algebra defining H;™ x Ss is as follows:

C(HY x S3) = C*(vij, wpr, 1 < 4,j < 4,1 <k, 1<3

4 4
D V= vy =1V1<i,j<4
a=1 a=1

3 3
Zwkb:Zwblzl‘Vlgk,lgi’)
b=1 b=1

2
Vij = Vij :U;}
w?j = wy; = Wy

AC4’U = UAC4
Vij Wk = wklvij)-
Here, A¢, is the adjacency matrix of the 4-cycle Cy and v is the matrix with entries

v,-jforlgi,jgél.

We now claim:

(i) The matrix @ with entries from C'(H, x S3) defined by

Ui in) (jr.g2) = Virjr Wing
satisfies the relations of C(G,,(T)).
(ii) The elements 9;; and @y in C(G},,(T")) defined by

aut
Uij = (i) T Ua1G2) T UG G)
Wt = ULk, + ULk 20) T ULE)(3,0) T UL,k (4,0)

satisfy the relations of C'(H, x S3).

Let us first prove :
For this, observe the following: We have

(il, Zg) ~ (kl, kg) inT
<:>(i2:l€2 A ilNC4 kl)\/(’lg#kg /\’il#l{?l /\’i17éc4 k'l)
Let now (iy,42) ~ (k1, ko) and (ji, j2) 2 (I1,12), i.e. for (i1,42) and (ky, ko) the above
observation holds, while for (ji, j2) and (l1,l3) we have:
(JoZ LV te, )N Ge=0LVii=LVj~ch).

In order to show that i, i,)(j o) Uk ke) (11 12) = 0, we will make the following case

distinction:

o Case iy = ko:
— Case jo # ls:
We have iy ip) (1 jo) Uik ko) (1 12) = Vir s Winjo Vkly Wily = Vi jy Wi jo Winly Vky Iy
but wi2j2wi212 = 0 since jg 7é 12 and thus u(i17i2)(j1,j2)u(k1,k2)(11,l2) = 0
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— Case jp = I3:
We have i1 ~¢, ki but ji %¢, i and thus v;,;, v, = 0 and therefore
alSO Uiy iz) (j1.32) Uk k2 (1 12) = O-

o Case 19 # ky:

— Case jo = Is:
We have w;,;, Wk, j, = 0 since iy # ky and thus
Ui in) (jr g2) (ki k2) (1 12) = O

— Case jp # Iz, j1 = li:
We have v;, j,vg, 5, = 0 since i1 # ki and thus @, iy)(jy o) Uik ko) (11,12) =
0.

— Case jo # I, j1 ~c, li:
We have v;,j, Vg, = 0 since 41 %¢, k1 but j; ~¢, {1 and thus

Uiy in) (G, j2) Wik k) (11 k2) = O-

A similar computation will show, that @, i,)(1ja) Uik ka) (11 1) = 0 1f (41, 92) % (K1, k2)
and (jl,jg) ~ (l17l2) holds.

It is immediate to see, that i, i,)(j;,j) 15 @ projection again and that the rows

and columns of & sum up to one from the relations of C'(H, x S3). We thus have that
@i satisfies the relations of C'(GY, (")) and from the universal property of C(G. ,(T'))

aut

we get a *-homomorphism

¢ C(GF

aut(r)) - C(H;_ X 53)
Uiy in) (G1,j2) 7 U(inin) Grojz) = Virgs Wiggi-
It is also easy to see that all the generators of C(H, x S3) are in the image of ¢:
for example, v;,;, is the image of
Ui, D(11) T U 1)(1,2) F UG 1) G3)
since
wy + w2 +wiz =1,

and a similar argument holds for w;,;,. Therefore, ¢ is surjective.

We will now prove
Firstly, using the Grobner basis for the ideal generated by the relations of

C(G}, ('), we can see that
(4.5.2) Vigjs Wiggy = U(in,iz)(Gr,g2) = WingaVivga -
In particular, we see that all the elements v;; commute with all the w;; as desired.

It is moreover easy to see, that @fj = 0;; and wy; = Wy since all the entries of u are
already selfadjoint.
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Next, we compute

07 =(ue G + e G T U6 es)”

=UGi1)G) T UEDGEDUEDG,2) T UGG UEDE3) T

-
=0

U2 T UEDG)UEDED) T UGG Y6 3E,3) T

-~
=0

UGa0)(G3) T UG8 UG T U163 U1 6:2)

~~
=0

:Uz'j~

A similar computation can be done to see that W% = 1y, and thus all elements i
and wy; are projections.

Next, it is easy to see that

4 4 3

D= ) UGy =1
a=1 a=1 j=1

3 3 4
Z Wi = Uk, 1)) = 1
b=1 b=1 =1

holds.

Lastly, we now need to check, that v satisfies
AC4U = UAC4,
in other words, we need to show that
VijVki = 0if ¢ ~Cy k’, j 74(]4 lori 7404 kj ~Cy l.
Let therefore i ~¢, k and j ¢, | be given. Using the identity in (4.5.2)), we write
Vgj = VW1 + Vw2 + VW13
and compute
030k =(0;501 1 + 03512 + 035101 3) (U171 + Vg2 + Oy 3)
=0;jW1,1 VW11 + VijW1 10 W12 + VW11 Uk 3+
VjjW1 2V W11 + VW1 2UK W1 2 + V;jW1 2V W1 3+
V35 W1 3V W11 + VijW1 3V W12 + VW1 3V W3-

We have by (4.5.2)), that 0y and w,, commute. Moreover, we have seen above that

Wap, and W, are projections that sum up to one and thus Wy, = 0 for b # ¢. We
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thus get that any of the products in the above sum where both @, and w,. appear

for b # ¢ are 0 and we are only left with
ViV =V;W1 1V W1,1 + Vi We 2V W2 2 + Vi W3 3V W33
Using again (4.5.2)), we rewrite this to

V3 Ukt =U(i,1)(,1) Uik, 1)(1,1) F (1) (,2) Uk, 1)(1,2) T U(i1)(7,3) Uik, 1)(1,3) -

However, since by assumption i ~¢, k but j ¢, [, we have (i,1) ~ (k,1) but
(j,a) % (I,a) for any 1 < a < 3. We thus get

Wi, )G Uik, 1) (1) = 0
and thus
;01 = 0.
A similar computation yields the same result whenever i ¢, k and j ~¢, [ holds.

All in all, the universal property of C(H; x S3) yields again a *-homomorphism
¢ C(Hy x 83) = C(Gau(T)

Viyj1 Wisga 7 Uiy in) (j1,42) -

+

+.+(I)) are in the image and

It is easy to see, that all generators wu, ;,)(j,,jo) of C(G
thus ¢ is surjective. We note moreover, that ¢ is exactly the inverse of ¢ and we

thus get that H,” x S3 and G,(I") are *-isomorphic. O

aut
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CHAPTER 5

Quantum Switching Isomorphism

The study of quantum symmetry has been done for many different objects, such
as of graphs in [4], |13, hadamard matrices in [42] and hypergraphs in |36]. Closely
related to this is the study of quantum isomorphisms, which has been defined for
graphs in |2|, where a nonlocal game was introduced that captures the notions of
classical and quantum graph isomorphism in the following sense:

If I'y and I'y are finite, simple graphs with adjacency matrices A; and A, respec-

tively, then we have

e There is a perfect classical strategy for the isomorphism game of I'y and I'y
if and only if there exists a permutation matrix P such that AP = PA,.
e There is a perfect quantum strategy for the isomorphism game of I'; and
[’y if and only if there exists a quantum permutation matrix u such that
Aju = uAs,.
In a similar manner, we construct a nonlocal game that captures the notion of
switching isomorphism for signed graphs:

If I'; and I'y are signed graphs with adjacency matrices A; and As, then we have:

e There is a perfect classical strategy for the switching isomorphism game
of I'y and I'y if and only if there is a signed permutation matrix H € H,
such that A{H = HA,.

e There is a perfect quantum strategy for the switching isomorphism game
of I'y and TI'y if and only if there is a quantum signed permutation matrix
v such that A;v = vA,.

In the analysis of this new quantum switching isomorphism we note that for
connected signed graphs any quantum switching isomorphism must come from a
quantum isomorphism of the unsigned versions of the graphs. For non-connected

graphs however, we did not find a similar result.

5.1. Basic Definitions

We now give some basic definitions surrounding signed graphs and their switching

isomorphisms.

5.1.1. DEFINITION. An finite signed graph without multiple edges . is a finite
graph (V(X), E(X)) together with a label function ¢: E(X) — {£1}. It is called
undirected, if the base graph is undirected and if we have ¢(u,v) = £(v,u) for all
edges (u,v) € E(X).
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The adjacency matriz Ar of a signed graph on n vertices without multiple edges
is the n X n-matrix with the (7, j)-entry being the value of the label function ¢(i, 5)
if i ~ 7 and 0 otherwise. If I' is undirected and without multiple edges, Ar is thus
a symmetric matrix with {0, £1}-entries.

In this work, we only consider undirected finite signed graphs without multiple

edges and without loops.

5.1.2. DEFINITION. Let ¥; and Y5 be two finite, simple signed graphs. Let the
label functions be given by ¢;: E(¥;) — {£1} and ly: E(¥2) — {£1}. We say
Y1 and X9 are isomorphic if there exists an isomorphism o of the base graphs and
additionally

(i, 7) = €a(0 (i), 0(j))
for any adjacent vertices i,j € V(X;).

We say 1 and Yy are switching isomorphic, ¥ =, 2o, if there is an isomor-
phism o: V(3;) — V(X2) of the base graphs and a switching function s: V(3;) —
{#£1} such that

G0, ) = s(i) - s(j) - (0 (i), 0(j))

for any adjacent vertices i,j € V(X;).

5.1.3. EXAMPLE. e The following two signed graphs are not isomorphic,
however they are switching isomorphic.
-1
—1 -1
-1

Here, any edge without a label is implied to have the label 1.
e On the other hand, the following two graphs are neither isomorphic nor
switching isomorphic.
-1

-1
The following alternative characterisation of switching isomorphism is sometimes
also useful:

5.1.4. LEMMA. Let ¥; and X5 be finite, simple signed graphs on n vertices. Let
their adjacency matrices be given by Ay, Ay € M,({0,£1}), such that ¢,(i,5) =
Aili, g] for adjacent vertices i,j from I'y, t € {1,2}. Then ¥, and Xo are switching
1somorphic as in Definition if and only if there exists H € H,, such that

A1H = HAs,.
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PROOF. It is easy to see, that given a permutation ¢ and a switching function

s, a matrix H of the form

H = (Jo; - 5(1))

j
isin H,,.

On the other hand, any matrix H in H, can be written as above for a permu-
tation o € S, and a function s: {1,...,n} — {£1} and thus defines a switching
isomorphism of the two graphs, since AyH = H A, implies

(Av)ij = (HALH ) . = Hig) Hjo () (A2)o(io(s) = 5(1)5(7) (A2)a(ira()-

5.2. Construction of the Game

For this chapter, we will always assume that I'y and T’y are finite, simple signed

graphs on n vertices with adjacency matrices A; and As.

5.2.1. DEFINITION. Let I'; and I'y be two signed graphs on n vertices. We identify
their vertex sets V; = Vo =: V. Let their label functions be given by ¢;: F; —
{+1,—1} and ly: Ey — {41, —1}. We then define the switching isomorphism game
Swlso(I'y, T'y) as follows:

The referee gives to both Alice and Bob a uniformly sampled vertex x4 and zp
from I';. Alice and Bob each return a vertex from I'y and a number from {+1, —1}.
We call the return values (ya, sa) and (ygp, sp) respectively. Alice and Bob win the
game, if the following conditions are met:

(i) za ~2p <= ya~yp

(ii) 24 =25 < Ya=yp
(iii) x4 ~ 25 = li(va,28) = sasplz(ya,yp)
(iv) 2a =2p = sS4 = sp

In the following, we will say that rel(z 4, z5) = rel(ya, yp) for the first two conditions.
We first show that this game captures the classical switching isomorphisms.

5.2.2. LEMMA. There exists a perfect classical strategy for Swlso(I'1,T'y) if and
only if there exists a matrizv H € H, such that Ay = HA;H (<= A H = HA,).

Proor. “=": By Lemmall.4.8| it suffices to only consider perfect deterministic
strategies. We thus consider a perfect deterministic strategy for the switching iso-
morphism game. It is given by functions f4 : V — Vx{£l1}and fp : V — V x{x1}.
However, since the game is synchronous Alice and Bob must give the same answer
when asked the same question and therefore the two functions must be the same
and we put f = f4 = fp. In order to be able to better reason about f, let us give

names to the two parts of the function and put
f()=(o(v),s(v)) foro:V -V and s: V — {£1}.
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Considering the first two conditions of the switching isomorphism game, we notice
that they coincide with the conditions for the graph isomorphism game defined
in [2] and thus the function ¢ must define a perfect deterministic strategy for this
game. Therefore, o must be an isomorphism of the base graphs of I'; and I's and in
particular it must be a permutation of V. We now put H;; := d5(;); - s(¢). Then H
is in H,, since it has exactly one non-zero entry in each row and column and this

entry is either +1 or —1. Moreover, we compute
HAH™ = (Hio(z jo () (A2)o(i J))
= (s(1)s(5)(Az2)o( a(y))

Since the base graphs of I'; and I's are isomorphic via o, we know that
(A2)o)oy) 70 = (A1)i; #0,

in other words we have
o(i) ~o(j) < i~1].
We thus get with condition that

(5( )5(7)(A2)o(i)0 () ) = (A1),

and therefore
Ay = HAH™

“«<=": Since H is in H,, we get a permutation matrix from H by taking the
Schur-product with itself:
c=HQOH.

Moreover, we get a sign function s: V' — {+1,—1} by putting
S(Z) = H’LO’(’L)
The perfect classical strategy we construct will then be given by
FoV SV (1, F) = (0(0), 5(0)

for both Alice and Bob. Since Alice and Bob have the same function, it is already
clear that conditions and |(iv)| are fulfilled. For the other conditions, consider
the following: we have A; = H AgH by assumption, i.e.

(Hw(z) o) (A2)o(i)o( ])) ( (i)s(j)(AQ)U(i)U(j))ij = A,.

Comparing the entries, we again see that

(A2)o(iyo() 70 == (A1) # 0
and thus condition |(i)| will always be fulfilled. Lastly, we see for ¢ ~ j in I'; that

(6, 7) = (Ar)ij = 5(1)s(5)(A2)o()o(s) = 5(1)s(1)a(0(4), 0 (7))
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and therefore condition is fulfilled. O

We now know that the switching isomorphism game captures classical switching
isomorphism with its perfect classical strategies. Inspired by the definition of quan-
tum isomorphism of graphs, we therefore define quantum switching isomorphism as
follows.

5.2.3. DEFINITION. Let I'y and I's be finite, simple signed graphs. We say I'; and
I'y are quantum switching isomorphic, I'y = 4, I'9, if there exists a perfect quantum

commuting strategy for the switching isomorphism game Swlso(I';, T's).

In the following, we will take a closer look at what it means for signed graphs
to be quantum switching isomorphic. First however, we will define quantum signed
permutation matrices, which have a similar relation to H," as quantum permutation

matrices have to S, i.e. any matrix as defined below will yield a representation of
C(H).

-----

elements of a unital C*—algebra such that each v;; is a self-adjoint partial isometry
and Y ¢ vi =Y v = 1for each i,j € {1,...,n} is a quantum signed permu-
tation matriz. Here, an element a being a partial isometry means that aa*a = a. A

self-adjoint partial isometry is thus an element a that satisfies a® = a.

5.2.5. LEMMA. Let us assume that we have a perfect quantum commuting strateqy
for Swlso(I'1,T'y). Then there exists a quantum signed permutation matricz v with

entries in a unital C*-algebra admitting a faithful tracial state such that
Alv = UAQ.

PROOF. Since the game is synchronous, we can use the perfect quantum com-
muting strategy to apply Lemma [1.4.12] to get the unital C*-algebra A and projec-
tions Ey s € A for z € V(I'1), y € V(I'y) and s € {£1}. We will write these
projections as

Eg(ﬁ‘;) = EQC,(y’S).

By Lemma |1.4.12] we have that

Y EL) =1forallxe V()

Y,S
and moreover
E(sa) glse) —

ZTaYa  Tbh¥Yp
whenever any of the four conditions from Definition[5.2.1]is not met by x,, T4, Ya, Y, Sa

and s,. We now define the matrix v via
vy =BG — ESY.

Step 1: We will first show that v is a quantum signed permutation matrix:
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o v, = BV — Ei(j_l)* = E(H) E(_l) = vy, since the EZ(]S are projections

i ij
o v} =ESVES + ECY Efj D= E(“) + B, since ESVESY =0, as the
switching isomorphism game is synchronous. We thus get vij = Ez(;r b_
ESY.
ij

e v;vj, = 0 as we already know that Ej E7 = 0 for ¢ # j, since “equality”
= rel(k, k) # rel(q, j)

o> vh=>,.FE )+ Ezk Y By the above, and since {Elk+1 Z(,;l)}k is
a POVM for each i, we know that the sum must be equal to 1.

e We know that E“j;1 Eljjl = 0 for i1 # i since Alice and Bob can not
answer with the same vertices upon receiving different vertices by condi-
tion . Therefore, the sum of such projections is again a projection, and
in particular ZkeVl (E,E;l) + E,g;”) is a projection. Since it is a projec-
tion, we also know that

> Ry <

kevy
se{£1}

Using the above fact that _; Ek] =1 for any k, we see that

> X H =

ke jeV,
se{£1}

Reordering this sum, we get

Z Z E,ij):n-l.

jeVa ke
se{£1}

Fixing an arbitrary j' € V5, and using ), . E,(C? < 1, we can reorder this

to see
1> B=n1- > > EJ>n1-(n-1)-1=1
ke J'#jeVL ke
se{x1} se{x1}
———
<1
We thus see

ka; Z( +1)—|—Ek ))—1

keVy keVvi

for any j € V5.

We thus see that v defined as above is indeed a quantum signed permutation matrix.
Step 2: Next, we will show that A;v = vA,. Looking at the (i, j)-entry of the

matrices, we need to show

(Aw)y; =D (B = BD) 6l 2 0 (B = ECY) (k) = (v42),,

l~i k~j
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For this, consider

SO(BEY - BV ki) = D0 (B - ECY) k) Y (B + L)

ki k~j l _
1
S (B - B (B 4 EGY)
k~j 1
= Z Z (E(-l-l) —1)) (E(""l) + El( ) Eg(l{?,])
kg I~

Here, the last step is due to the fact that Ej B2 = 0if k ~ j but [ £ 4. If we now
had that

(5.2.1) (Ez(ijl) Ef/?”) (El(jl) + Ez(jil)> Ca(k, 4)
= (B + BV (BY - SV ) G,

for k ~ j, i ~ | we would be done, since then

>3 (B - B (B + B alkd)
= (+1) (+1) S ;
;;(E +BC ) E )g( )
_ZZ< +E7,k; ) ( g ))gl(i,l)
I~
_Z ( +1) ) Z E(+1 > R

l~z

-~

=1

=S (B - BSV) a0,

I~i

Therefore, we only need to show that (5.2.1)) holds. For this, we will make a case
distinction on ¢ (i,1) and ly(k, j) for k ~ j, i ~ L.

Case 1: £1(i,1) = ly(k, j). In this case, we have that

+1) (1 —1) p(+1)
Ez(k )Ezj' ):OZEi(k )El(j
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by condition of the switching isomorphism game. We compute

(ESY = BLY) (B + B V) falk, )

ly

2

L L e s ezl )

Vv Vv
=0 =0

)

_ Ei(:l)Ez(;l) _ Ei(ljl)El(j_l) +Ei(k_1)El(;_1) —E(_l)El(j_l) El(i, l)

Vv Vv
=0 =0

= (B + BCY) (B - BSV) 660,

Case 2: (1(i,1) = —ly(k, 7). We then get

+1) (41 1) (=1
Ez(k )El(j ):OZEi(k )El(j g

We thus get

(4" - BCY) (B + EGY) talk. )

ly

1j lj lj

1 1 1) (-1 —1 1 —1) (—1 .
- (BB R BB B R e

=0 =0

1 1 1) (-1 ~1 1 —1) ;+(—1 4
— (BSVESY - BGVESY + ECVESY - BLVESY) (<6, )
= (B + ECY) (B - BV 660,

Therefore, we are done, as was argued above, and it holds indeed that
A1U = UAQ.
O

5.2.6. LEMMA. Let I'y, I'y be two signed graphs and let v be a quantum signed
permutation matrixz with entries being from a unital C*-algebra A admitting a faithful
tracial state. If we have

Av =0vA,,

then there exists a perfect quantum commuting strategy for Swlso(I'y, I's).

PROOF. We construct projections El(;) € Afori e V(I'h),j € V(I'9) and s €
{£1} as follows:

gy _ Whtog) ey (0 )

In the following, we will show that these EZ(; ) fulfill the conditions from Lemma 1.4.12]
i.e. that D, Ef;) =1 for any i € V(I'1) and that

EYEY =0

ij
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whenever any condition from the game Swlso(I';,I's) is not satisfied. We then get

a perfect quantum commuting strategy for the game by Lemma [1.4.12
Step 1: To show that condition is fulfilled, we first note that the Eij;-l are

indeed projections, since the v;; are selfadjoint partial isometries:

2 2 4 3 2 2 2 2

1 1 1 2
i 2 2

This yields that EZ(;F Y and El-(jfl) are orthogonal:

(E5")

(W e)wh —vg) _vh—vh -

4 4 4
We thus get that condition of the switching isomorphism game is satisfied by

the operators. Also, note that we have

FHD _ g _ (v +vig) (v — vy) I R e i .
1] 17 D) 2 2 )

and thus, since EZ(;F Y and EZ.(]._I) are orthogonal,

02 = B L g

iJ i i
Step 2: We will next show, that conditions and are satisfied by the
constructed projections. For this, we assume that rel(i, k) # rel(j,[) and show that
then
(£1) (1) _
BV Ey; T =0.
This proof is mostly the same as the corresponding proof for the isomorphism game

in [2]. We will make it as a case distinction on rel(i, k) and rel(j, ():
Case 1: i = k,j # [: Since v is a quantum signed permutation matrix, we have
2 _
Z vy = L.
J
But as we established above, we have vfj = Ez(f Uy gt

ij
> (B ) =1

J

) and thus

We thus have

Ei(j?tl)Ei(lil) =0
since they are projections summing up to 1. In the same way, we see that
for i # k but j = [, we have

ESVESY =0
; .

]
Case 2: i ~ k,j o [: In this case, if we had j = [, we would be in the above case.
Let therefore j # . Let us now take a look at the (i,1)-entries of Ajv and
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vAs:
(Av), ;vglﬁl i,9) ; (E(H) Eéfl)) 017, 9)
(WA = > vinla(h 1) = 3 <E ) _ g 1’) Oo(h, D).
Il ol

Since by assumption Ajv = vAs, we know that
S (EGY - By ) 6t =3 (BRY - ELY) 6a(h0),
grvi h~l

From this, we get

S (BG4 EG) S (BGY - ESV) i)

B ~l gri
=S (BGD +BLY) D (B - BLY) (b
h!~l1 h~l

CUEGY =0for 1 #h

_Z< Zh/ —i—El-(,;l)) Z <EZ(;1) Ez( 1) > to(h 1)

~

= Z ( zh’ Ez(h’l)> Z <Eg(,;r1) - E;;”) ti(i, 9)

and since E;

gt
= Z( G+ BRY) S (B - LY aling) = 0.
Wl g~i

We can now rearrange the above equation to get
<E§j+1> + EZ.(j‘l)) (E,gj” i 1)) iy k) =

Z Z ( i '+ Em'l)) (E;;rl) - Eéfl)) 01(i, g).

h' Al g~
W #j 97k

Multiplying both sides with <E (H) 4 E ) from the left yields

2
(5.2.2) (Ei(j“) + Egj—ﬂ) (E(+1) EGY ) 0 k) =0

(Bl 0+57)
since on the right hand side, we have terms of the form
(+1) (-1) (+1) (-1)
<Ez’j + Ej; > <Eih’ + By )

appearing in every summand, but these are orthogonal for A’ # j, as was
shown in step . Multiplying with ¢;(7, k) on both sides and expanding

in (22), we get
(523)  BYVESV+ESVEGY - EGVELY - BSVELY =0

2
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Since we know, that for any vertices g, h and any signs a # b we have

E;;LL)E( ) 0

we can isolate any single summand E( E,g?) in (5.2.3)), by multiplying both

sides from the left with E and both sides from the right with Ekl We
thus get

EFVEGY =0

v

as desired.

We now have shown that conditions |(i){and hold if one relation is “equality” and
the other is not and if one relation is adjacency and the other is not. What is still
missing is the case where the relation of i and k is i ¢ k, i # k, and the relation of j
and [ is different from this. However, then we either have 7 = [ and are in the first
case, or we have j ~ [ and are in the second case. Therefore, conditions |(i)| and
hold.

Step 3: It remains to be shown, that condition is satisfied. For this, let
i ~ k and j ~ [ be vertices. We want to show that Ei(;l)E,SQ) = 0 for all sq, so for
which we have ¢4(i, k) # s15202(1, 7).

We look at the (k, j)-entries of A;v and of vA; and know by assumption

1 —1 1 —1 ,
(Aw), = (E;j ) E( >) Likg) =Y <E,§Z Bl >) l(h, §) = (vA3),,; -
g~k h~j
Multiplying these two entries together, we get

S (B0 -GV (B0 - BGY) Gk 9)tath ) = 3 (B - B V)

g~k g~k
h~j

but also

ST(ESY - BGY) (G - BGY) 6k, 9)ta(h, )

g~k
hej
1 1) 1 1 1 -1 .
_Z< EUVEGY — ECVEGY - ECVEGY + ECVES ))51(&9)62(;%])'
g~k
hej

Putting this together, we get

(:24) 3 (B EGY - BB - BGVEGY + BGVEGY) (k. g)ta(h )

g~k
h~j

_Z< U+ B 1)).

g~k

To use this, we will do a case distinction on ¢4 (i, k) and ¢5(1, 7):
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Case 1: £1(i, k) = €5(1, 7)
In this case, we have that ¢1(i, k)l2(l, j) = +1. This means that the
term in the sum on the left hand side in (5.2.4) for ¢ = ¢, h = [ is of the

form

ESVESY — ESVESY - ESVESY + ECVELY.

v

Since we are interested in Efjl)E,c_ll and E( 1)E(H) we can now just isolate

them with positive sign on one side of the equation. Rearranging the terms

in ((5.2.4) in this manner, we get

E(+1)E( )—l-E( 1)El(cl n _

v

1) 1 —1 —1 1 -1 —1 .
SO (B EGY - B VR - BGVEGY + BGVERY) Gk, 9)a(h.g)
g~k hej
g#i h#l

() B | ) D (+) | (-1
+ BB + BSVEGY <3 (B + B
g~k

(+1)

By multiplying the above equation from the left with E;;/ " and from the

right with E,gl_l), we see that most terms become 0:

e the big sum has a term E;;H)
g # i, and thus we get Ei(fl)Eéj-ﬂ) = (0 in each summand and thus the
big sum is 0

2
. (EZ(JH)) E,SFI)EIEZU = 0, since E,g?l)E,(Jl) =0

to the very left of each summand, where

2
o« ESVESY (BGY) =0, since BSVESY =0

e in the last sum, all summands for g # 1 are 0, and we are left with

+1 +1 -1 -1 +1 -1
By )<E}j '+ B )> EyY =EfVELY

v

since EZ-(;FDE( Y=o

ij
On the left hand side, only the term E(H)E,(d Y remains and putting it

together, we get

ESVELY = —BSVEY.

v

But this is only possible, if
(+1) pp(=1) _
E;E,, 7 =0.

ij
In the same manner, but multiplying with EZ-(j_l) from the left and E,E,;rl)

from the right, we get

ESVEYY = -ESVESY = ESVESY =0

We thus showed that ¢4 (i, k) = l2(l, j) implies

ESVESY =0=ESVESY,

) v
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as desired.
Case 2: 01(i, k) # l2(1, 7)
In this case, we have ¢, (i, k)l>(l, j) = —1 and the term in the left hand
sum in (5.2.4)) for g =i, h = [ is of the form

Ez(j-l)E(-l-l) n E(+1)E( 1) T E( I)E(+1) EZ(J—l)E]gl—l)

Using the same reasoning as in case 1, we isolate the terms we are interested

in, namely Ez(;r UE,EH nd E 1)E,£l Y with positive sign on one side and

collect the rest on the other 81de. We get
ESVEGD + ESVELY =

S3 (BB - BB - BSVEED + BGVEGY) 6k g)6a(h. )
g~k hey
g7#t h#l
(+1) za(=1) (—1) za(+1) (+1) (-1)
+ 5 By By By ) (Egj + By ) :
g~k
Now, we multiply with Ei(;rl) from the left and E,(Jl) from the right to get
(+1) (+1) (+1) 7p(+1 (4+1) 7p(+1
ESVESY = -ESVESY = ESVESY =0
and multiply with E-(-_l) from the left and E,gl_l) from the right to get

ESVEGY =-ESVEY = ESVESY =0

ij
We thus have

G k) # (L j) = BB =0=E;VELY,
as desired.

Therefore, also condition of the switching isomorphism game holds and thus by
Lemma1.4.12|there exists a perfect quantum commuting strategy for Swlso(I'y, I's).
O

Together, the two lemmas above yield the following theorem.

5.2.7. THEOREM. Let I'y and I's be finite, simple signed graphs with adjacency
matrices A1 and As. T'y and 'y are quantum switching isomorphic if and only if there
exists a quantum signed permutation matrix v with entries from a unital C*-algebra
admitting a faithful tracial state such that vA; = Asv.

ProOOF. This follows immediately from Lemma [5.2.5| and Lemma [5.2.6| U

5.3. Link of Quantum Switching Isomorphism to Quantum Isomorphism

The first question one can ask when defining a generalised kind of symmetry
as above is whether this does in fact give any “new” symmetries. In the case of

quantum isomorphisms of graphs it was shown in [2] that there exists a pair of
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graphs that are not classically isomorphic but are quantum isomorphic. Using this
result it is trivial to get the same result for quantum switching isomorphisms: by
taking the same pair of non-isomorphic but quantum isomorphic graphs and adding
the label +1 to all edges, we get two graphs that are not switching isomorphic (since
the base graphs are not isomorphic) but quantum switching isomorphic, using the
same quantum strategy as in [2] with the additional response of s4 = s = 1 for all
inputs.

The question we really want to ask is therefore: are there any signed graphs that
are not switching isomorphic but quantum switching isomorphic, with the quantum
switching isomorphism not coming purely from a quantum isomorphism of the base
graphs? For example, are there any graphs that are not switching isomorphic,
but quantum switching isomorphic, while the delabelled versions of the graphs are
isomorphic?

In order to answer the question, we first present a lemma that represents a

quantification of the characterisation of switching isomorphism from Definition [5.1.2]

5.3.1. LEMMA. Let I'y and I's be two finite, simple signed graphs on n vertices.
Then I't =450, 'y if and only if there exists a quantum permutation matriz u and

self-adjoint unitaries s; for each 1 < i <n such that
(A1)ij1 = si(uAou™)ijs;  foralll1 <i,j<n

and such that u;; and s; commute for all i,5. Moreover, the quantum permutation
matrix u implements a quantum isomorphism of the delabelled versions of I'y and

Ty, i.e. if Ay and Ay are the adjacency matrices of the delabelled graphs, we have
Al u = ’U,AQ .

In particular, if v is a quantum signed permutation matriz implementing the
quantum switching isomorphism, then we have u;; = vfj and s; = Y, vir. On the
other hand, if u and s; are the quantum permutation matrixz and the self-adjoint

unitaries as above, then vi;; = s;u;j.

Proor. We first note that given a quantum signed permutation matrix v, squar-
ing the entries gives a quantum permutation matrix, since by definition u;; = vfj is

a projection and the sums over the rows and columns are 1. Moreover we have

2 3
Sils; = E VikVi5 = V5 = Vij,
k

since v;; and vy, are orthogonal for j # k. Similarly, we get u;;s; = v;; and thus they
also commute. Lastly, given a quantum permutation matrix v and the self-adjoint

unitaries S; as above, then
2 2
(siuij) =S Uz’j = ]-Uz'j = uij
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and
(siuij)?’ = S;U;j.
i.e. s;u;; is a self-adjoint partial isometry and thus the matrix (s;u;;);; is a quantum
signed permutation matrix.
We now compute

(vAV");; = Z%’k(AZ)klUjl = Z siti(A2)msuj

el kel
=5 Zuik(A2)klujl sj = si(uAqu”)js;.
k,l
Since we have
A = vA*
by assumption, this proves the first part of the statement.

Next, we note that if v is a quantum switching isomorphism of I'y and I's then
the entries v;; encode a perfect quantum strategy as shown in Lemma m In that
proof, we note that the elements EZ(;F Y and Ei(j_l) each satisfy that El(f I)E,(fl) =0
whenever condition and in the quantum switching isomorphism game are
not met. In particular, also their sum, i.e. EZ-(;rl) + Ei(j_l) = wu;; satisfies this, and
conditions and are the same as the conditions from the isomorphism game
of the delabelled versions of the graphs. By Theorem 2.2.1 from [72] the matrix u

therefore satisfies
Al u=1u AQ .

Using Lemma [5.3.1, we can answer the question whether quantum switching

isomorphism yields any new symmetries for connected graphs.

5.3.2. THEOREM. Let I'y and I'y be two connected signed graphs that are quantum
switching isomorphic. If v is a quantum signed permutation matriz such that Ajv =
vAs and the corresponding quantum permutation matriz u as in Lemma has
commuting entries, then also all entries vij of v commute with each other.

Equivalently, if v has any noncommuting entries, then already u must have non-

commuting entries.

Proor. We will show inductively for vertices ¢ and j of I'y that if they are
connected by a path of length N, consisting of the vertices i ~r; ~ ... ~ry_1 ~ 7,

then for any vertices k, [ of 'y there exist numbers a,, , € {1} such that

Ulkvjl - E aSNfluikuT'lsl st uT'NflsN,lujl
815--,SN—1
k?NSlN...NSNlel
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and that

Ujlvik = E CLSN71UjluTN715N71 N urlsluik.

S15e-sSN—1
krsi~..~sn 1~

In particular, we show that v;;v;; = vjv;, since all entries of © commute with each

other by assumption.

For N = 1 we have that i ~ j and use the facts from Lemma that (A4;);;1

si(uAgu*);;s; and that 1 = (Al)ijl = (uflgu*)ij to get

S; <Z(A2)kluikujl> s; = (A1)l = (A1) (A1)

k.l

z] Uik Uy -

kwl

For any vertices k' ~ [" of I'y we can now multiply the above equation with w; from

the left and w;; from the right to get

Uik Uik! U V51 = (Al)ijuik’ujl’>
\W—/ H/—/

=V; ! :vjl/

where we use that s,u., = vy, for any vertices a, b and that vgu,. = 0 for b # c.

With a similar computation we get that

Ujl’vik’ = (Al)jiujl/uik/

and since (A;);; = (A1);; we get the claim with a = (4;);;.

For any vertices k' o I’ of I'y, one can see that vjpvy = 0 = wjpu;r and also

Vjp Vi = 0 = ujpu by Lemma [5.2.6]

Let us now assume the claim holds for any path with length up to NV and show

it for N + 1. By assumption, we have a path ¢ ~r; ~ ... ~ry ~ j. Let now two

vertices k and [ of I'y be given and consider the following product:

Vik V51 = Vik E Uy sy Uil = Vik E Ur sy Uil = Vik E UTNSN

sy~

syl

We can now apply the induction hypothesis to v;, and all the v,,,, and also to

Urysy and vj to get

(1)

VikUrnsy = § Qg WikUpysy - -

818N —1
k~sir...~SN_1~VSN

cUry_ysy_1Urysy

2
Urnsy Uil = a’L(SJ\?uTNSNujl‘
Combining this, we get
1 2
vkt = Y all) Uity - Uy Uy UL
81,--38N
kNSlN._.NSNNZ :uTNSN
Doing the same computation for vjv;, we get
0 — E a4 .
V1V = SN lasNu]lurNsN e Upysy Uik

815.-3SN
kr~sir~v..~sn
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and all in all we get the desired outcome. 0

5.3.3. COROLLARY. From the above theorem it follows immediately that if two
connected signed graphs I'y and 'y are quantum switching isomorphic, then their
delabelled versions Ty and Ty are already quantum isomorphic.

In other words, the quantum isomorphism Ty =, Ty is a prerequisite for the
quantum switching isomorphism I'y =, g, I's.
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CHAPTER 6

Quantum Automorphism Groups of Matroids

This section is based on the article [26] of which the author is a co-author. In-
spired by the study of quantum automorphism groups of graphs, we want to extend
the concept of quantum symmetries to other combinatorial objects. In this section
we thus propose several definitions for quantum automorphism groups of matroids.
Introduced by Whitney [88] in the 1930’s, a matroid is a common combinatorial
generalisation of linear dependence of vectors and cycles in a graph. Matroids are
notorious for their cryptomorphic definitions; we focus on the characterisations in-
volving independent sets, bases, flats, and circuits. Each axiom system determines
the same classical automorphism group of a matroid M. We define quantum auto-

morphism groups of the matroid M

(M), Gou(M), G, (M), G5, (M)

GZ
aut aut aut

aut

by adding relations to those of S;' derived from the independent sets, bases, flats,
and circuits definitions of M, respectively, in the spirit of Bichon and Banica. We
have the surprising feature that each of these yields an, a priori, different definition
of a quantum automorphism group. However, for nice classes of matroids, we have
a chain of inclusions, similar to the case of Bichon’s and Banica’s definitions of
quantum automorphism groups of graphs. Our main results are summarized in the
following theorem; see Section for details on the terminology.

Throughout this chapter, we will usually denote the classical and quantum sym-
metric groups by Sg and S}, respectively for a given finite set E of cardinality n
instead of writing them as S,, and S in order to give emphasis to the set on which
they act. This is unusual in the context of quantum groups, however in the con-
text of automorphism groups of matroids it is useful since one often wants to make

statements about the concrete set E and not only the number of elements of E.

6.1. THEOREM. For every matroid M we have

C(Aut(M)) = G7.

aut

(M) C Ggu(M) = Ggu(M).

aut

If M is a simple rank 3 matroid and the ground set E(M) is not equal to Fy U FyU F;
for triangles { Fy, Fy, F3}, then

C(Aut(M)) = GZ

aut

(M) € GL.u(M) € G2y(M) = GZ,,(M).

aut aut

We should point out that here we follow a decidedly algebraic approach, ignoring

topological ramifications of Banach algebras. That is, our quantum permutation
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groups are defined as certain noncommutative algebras, equipped with an involution
and a coproduct. In this way we obtain computational methods for constructing
interesting examples. Using the free open-source computer algebra system 0SCAR
28], [66], which is written in Julia, we develop code to compute GZ,(M) and
Gt

several examples where G5 (M) C G¢ (M) and others where G¢

aut aut aut

(M), and determine whether these are commutative. In particular, we find
(M) C GE,,(M).

In Section [6.6] we derive a matroidal analog of Lovdsz’s graph homomorphism
count theorem. This theorem asserts that two graphs are isomorphic if and only if
the number of graph homomorphisms from I' to these graphs are equal for all graphs
I. By the main result of [55], two graphs are quantum isomorphic, in the sense of
Banica, if these homomorphism counts agree for all planar graphs. We take the first
steps in investigating the connection between (quantum) isomorphic matroids and
counts of matroid maps (i.e., strong maps) by proving an analog of Lovasz’s theorem
for matroids. The crucial difference is that matroid isomorphism is determined by
strong map counts from the candidate matroids.

Our work is just the beginning of the study of quantum symmetry for matroids.
Our hope is to provide insight into the world of matroids by dividing the class
of matroids into subclasses of “more complicated /richer” matroids (having a high
degree of quantum symmetry) and “easier” ones (with a low or no degree of quantum

symmetry).

Code. The code used to collect the data recorded in Section may be found

at
https://github.com/dmg-lab/QuantumAutomorphismGroups. jl.

This GitHub repository also contains noncommutative Grobner bases for the quan-

tum automorphism groups obtained, stored in the mrdi file format [29].

6.1. Matroids and their Automorphism Groups

Matroids admit numerous cryptomorphic axiomatic systems. We recommend
to the reader the textbook [67] as a general reference for matroid theory. We will
introduce these different systems shortly in the following, with the definitions and
statements coming from the mentioned textbook [67].

We begin by giving the definition via independent sets.

6.1.1. DEFINITION. A matroid M = (E,Z) consists of a finite set £ and a col-

lection Z of subsets of E that satisfies the following conditions:

(I1) o eT.

(I2) If I € Zand I’ C I, then I' € 7.

(I3) If Iy and Iy are in Z and |[;]| < |I2|, then there is an element e of I \ I,
such that I; U {e} € Z.
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Here, condition is called the independence augmentation axiom.

If M = (E,Z) is a matroid, then we call M the matroid on E. We moreover call
the members of Z the independent sets of M and E the ground set of M. A subset
of F that is not in Z is called dependent. A minimal dependent set, i.e. a dependent
set all of whose proper subsets are independent, is called a circuit of M and the set
of all circuits will be denoted by C. If we want to emphasize the dependence on the
matroid, we shall sometimes write £(M), Z(M) and C(M).

An alternative way to characterise a matroid is via the set of circuits.

6.1.2. THEOREM. Let E be a finite ground set and let C be a collection of subsets
of E. Let T be the collection of subsets of E that contain no member of C. The
following are equivalent.

e M = (E,Z) is a matroid with set of circuits given by C.
e C satisfies
(C1) @ ¢ C.
(C2) If Cy and Cy are members of C and Cy C Cy, then Cy = Cs.
(C3) If Cy and Cy are distinct members of C and e € Cy N Cy, then there
is a member Cs of C such that C3 C (Cy U Cy) \ {e}.

Condition is called the circuit elimination azxiom.

Instead of looking at minimal dependent sets, one can also look at maximal
independent sets as an efficient way to specify all independent sets of a matroid. We
call these maximal independent sets bases of the matroid and write B or B(M) for
the set of all bases of a matroid.

Using bases, one can characterise a matroid as follows:

6.1.3. THEOREM. Let E be a finite ground set and let B be a collection of subsets
of E. Let L be the collection of subsets of E that are contained in some member of

B. The following are equivalent:

e M = (E,Z) is a matroid with collection of bases B.
e 3 satisfies
(B1) B is non-empty.
(B2) If By and By are members of B and x € By \ Bsa, then there is an
element y of Bs \ By, such that (By \ {z}) U {y} € B.

The axiom |(B2)|is one of several basis exchange axioms that hold for matroids.
A basic fact about bases of matroids is, unsurprisingly, that all bases of a matroid

have the same cardinality.
6.1.4. LEMMA. Let By and By be bases of a matroid M. Then |By| = |Bs|.

Another notion from linear algebra that can be generalised to the matroid setting
is that of the dimension of a vector space. In the context of matroids, this is done

via a rank function.
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6.1.5. DEFINITION. Let M = (E,Z) be a matroid and let X C E be a subset of
the ground set. Let Z|X := {I C X : I € T} be the restriction of Z to X. Then it
is easy to see that (X,Z|X) is also a matroid, which is called the restriction of M
to X or the deletion of E'\ X from M. We also write M|X or M\ (E \ X) for this
matroid.

Since by Lemma all bases of a matroid have the same cardinality, and since
M|X is a matroid, we define the rank rank(X) of X to be the size of a basis B of
M|X and call such a set B a basis of X.

We call this function rank, or sometimes also ranky, the rank function of M,

which maps 2% to the set of non-negative integers. We will also sometimes write

rank(M) to mean rank(E(M)).

Once again, one can give an alternative characterisation of matroids using the

rank function.

6.1.6. THEOREM. Let E be a finite ground set. Let rank be a function from 2F
to the non-negative integers and let L be the collection of subsets X of E for which
rank(X) = | X|. The following are equivalent:

e M = (E,Z) is a matroid with rank function rank.
e The function rank satisfies
(R1) If X C E, then 0 < rank(X) < |X]|.
(R2) If X CY C E, then rank(X) < rank(Y).
(R3) If X and Y are subsets of E then

rank(X UY') +rank(X NY) < rank(X) 4 rank(Y").

One can easily get the other alternative characterisations of a matroid via the
rank function as follows:

6.1.7. LEMMA. Let M be a matroid with rank function rank and let X C E(M).
Then
e X is independent if and only if | X| = rank(X).
e X is a basis if and only if | X| = rank(X) = rank(M).
e X is a circuit if and only if X is non-empty and for all x € X, we have

rank(X \ {z}) = |X| — 1 = rank(X).

The last way to characterise a matroid we introduce is via closed sets, also known
as flats.

6.1.8. DEFINITION. Let M be a matroid with rank funktion rank and ground set
E. We say a subset F' C E is closed, or a flat, if for all x € E'\ F we have

rank(F U {z}) = rank(F') + 1.

6.1.9. THEOREM. Let E be a finite ground set and let F be a collection of subsets
of E. The following are equivalent:
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o (E.T) is a matroid that has F as set of flats.
o F satisfies:
(F1) E € F.
(F2) If F\, F; € F, then Fy N Fy € F.
(F3) If F € F and {F\,..., F} is the set of minimal members of F that
properly contain F, then the sets Fy \ F, Fx\ F, ..., Fi \ F partition
E\F.

6.1.10. DEFINITION. Let M be a matroid. A loop of M is an element z € E(M)
such that {z} is dependent. Two non-loop elements x,y € E(M) are parallel if
{z,y} is dependent. The matroid M is simple if it does not have loops or parallel

elements.

Since matroids are a combinatorial abstraction of dependence coming from lin-
ear algebra and graph theory, it is useful to understand how the above terms are

interpreted in these contexts.

6.1.11. EXAMPLE.

e The linear-algebraic model for a matroid is derived from a list of vectors
X = (z; : i € F), indexed by a finite set E, that span a r-dimensional
vector space V. The matroid of X, denoted M[X], is the matroid whose

ground set is £ and
B(M[X])={B CFE : (x; : i € B) is a vector space basis of V'}.

The independent sets of M[X] correspond to collections of linearly inde-
pendent vectors in X, the rank function of M[X] records the dimension of
the linear span of the input vectors, and the flats of M[X] are the subsets of
E such that the linear span of the corresponding vectors contains no other
elements of X. Given a field F, a matroid M is F-realisable if M = M[X]
for a F(M)-indexed list X of vectors in a F-vector space. When z; # 0 for
each i € E(M), the vectors z; define points in the projective space P(V);
this is called a projective realization of M[X].

e (Circuits are best understood from the graph-theoretic viewpoint. Let I’
be a finite graph with vertex set V(I') and edge set E(I'). The matroid of
I', denoted M[I'], is the matroid with ground set £ = E(I') and the bases
B(M[I']) consist of the edge sets of the maximal forests of I'. A circuit of
M[I'] is a subset of edges that form a cycle of T".

6.1.12. DEFINITION. Given two matroids M; and M,, an isomorphism of M;
and My is a bijection ¢ : E(M;) — E(M,) such that A € B(M;) if and only if
©(A) € B(My). An automorphism of a matroid M is an isomorphism from M to
itself. The group (under function composition) of all automorphisms of M is called

the automorphism group of M and is denoted by Aut(M).
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FIGURE 1. A projective realization over F, of the Fano matroid F

6.1.13. EXAMPLE (Uniform matroid). The rank-r uniform matroid on the finite
set F/, denoted U, g is the matroid with ground set F and whose bases are the
r-element subsets of £. When E = {1,...,n}, we simply write U,,,. This is the
matroid of a collection of n vectors in V' in linear general position, where V is a
r-dimensional vector space over a field of infinite order. The automorphism group

of U, g is the symmetric group Sg.

6.1.14. ExAMPLE (Fano matroid). A fundamental example is the Fano matroid
defined by F = M[X] where X is the sequence of vectors in (F3)? given by the

columns of the matrix (which we also denote by X)

1010101

X=10110011

0001111

These are exactly the seven nonzero vectors in (F»)3. The automorphism group of
F is isomorphic to PSL3(F3). This matroid is significant because it is the smallest

example which is not C-realisable.

The automorphism group of a graph I', denoted by Aut(I'), differs from
Aut(M[I']) in significant ways. The former is a subgroup of Sy (), whereas the
latter is a subgroup of Sgr). To provide a direct comparison, we may consider the
action of Aut(I') on E(I"), which defines a group homomorphism Aut(I') — Sgr).
The image, denoted by Autg(I'), is a subgroup of Sgr). Nevertheless, Autg(I') and
Aut(M[I']) need not be the same subgroup of Sgry. The difference between these
two groups is the content of Whitney’s 2-isomorphism theorem [87]; see also [67,
Theorem 5.3.1].

6.2. Quantum Automorphisms Associated to Different Axiom Systems

We begin with a general procedure for producing quantum subgroups of S},
where F is a finite set. Denote by Tup(FE) the set of tuples of elements of E that
have length at most |E|. Given tuples A = (ay,...,ax) and B = (by,...,bs) of the

same length, define
UAB = Ug by * * " uak,bk-

We gather some useful properties of the terms uap in Sp.

126



CHAPTER 6. QUANTUM SYMMETRIES OF MATROIDS

6.2.1. PROPOSITION. Suppose A, B € E*. The following equalities hold in S}.

(i) We have
ZUAczl and ZUCle.
CeEF CeE*

(ii) The coproduct of uap is

PrOOF. To prove , by symmetry, it suffices to prove just the left equality. We
proceed by induction on k. The base case k = 1 follows from the definition of Sj..
Let A= (ay,...,a5_1,a) and A" = (ay,...,a5_1). Then

Z Uac = Z uaper Zuac

CeEF C'eEk-1 )
Both sums on the right equal 1, the former by the inductive hypothesis and the
latter by the base case.

For [(ii)j we again proceed by induction on k. The base case k = 1 is just the
coproduct formula. Let A, A" be as in the proof of [(i)] and let B = (b1, ..., by_1,b),
B' = (by,...,bg_1). Then

A(UAB) = A(UA/B/)A(U,ab) = ( Z Uac! ®UC”B’) (Z uac®ucb> = Z UAC®UCB-

C'eEk-1 ceEE CeEF

The second equality follows from the inductive hypothesis. 0
Fix a nonempty subset A C Tup(E). Define the ideal 14 of S}, by

(6.2.1) Ip=(uap: (A€ Aand B¢ A)or (A¢ Aand B € A)).

Let G4 = S} /14

6.2.2. PROPOSITION. If I 4 is self-adjoint, then the quotient G 4 is a subgroup of

the quantum symmetric group S.

PROOF. It suffices to show that the coproduct A on S}, restricts to a coproduct
on G 4. By Proposition we have

Aluap) = Z uAc ® UCB-
CeEF

Suppose uap € I4. Without loss of generality, we may assume that A € A and
B¢ A If C €A, then ucp € I4. Otherwise, C' ¢ A, and so uac € I4. Therefore,

each summand of A(uap) lies in (I4 ® S3) + (S5 @ 14), as required. O
Let M be a rank-r matroid, and let A be a tuple. Then A is:

e an independent tuple if it has no repeated elements and its underlying set
is independent;

e a dependent tuple if it is not an independent tuple;

127



CHAPTER 6. QUANTUM SYMMETRIES OF MATROIDS

e a basis tuple if it is independent and has length r;

e a flat tuple if it has no repeated elements and its underlying set is a flat of
M:;

e a circuit tuple if A = (a, a) for anonloop a or if A has no repeating elements

and its underlying set is a circuit of M.

Denote by Z(M), B(M), F(M), and C(M) the sets of independent, basis, flat, and cir-
cuit tuples of M, respectively. Since the corresponding ideals If(M), IE(M), ]f(M)JE(M)
are self-adjoint, we may apply Proposition to these sets to define quantum au-

tomorphism groups of matroids.

6.2.3. DEFINITION. Let M be a matroid.

e The independent sets quantum automorphism group is GZ,,(M) = Gzm)-
e The bases quantum automorphism group is G2 (M) = Ggmy-
e The flats quantum automorphism group is G?, (M) = Gzw)-

aut

aut

e The circuits quantum automorphism group is G¢ (M) = G-

Throughout this chapter, we will write I(G) to denote the ideal defining the quantum
(M)) instead of Iz,

Given a quantum permutation group G C S7, denote by G™ the commutative

permutation group G, so for example we will write I(GZ,,

quantum permutation group
G™ = G/ {Ugplied — Uegtigp = a,b,c,d € E).

The following proposition verifies that the quantum automorphism groups in Defi-
nition are, a priori, quantisations of Aut(M).

6.2.4. PROPOSITION. The commutative quantum groups

T
Gaut

(M)com’ GB ('\/Dcom7 G]: (M)Com’ GC (M)com

aut aut aut

are all isomorphic to C(Aut(M)).

Before proving this proposition, we establish some notation. Given a finite set
E, denote by End(C¥) the ring of linear maps C¥ — C¥. We view the symmetric
group Sg as the multiplicative subgroup of permutation matrices in End(C¥). Given
o € Sg and i,j € E, denote by o;; the (7, j)-entry of the permutation matrix
associated to o, and define the homomorphism ¢, : S3; — C by ¢, (u;;) = 0i;.

PROOF OF PROPOSITION [6.2.4l. We focus on the case GZ,,(M), as the others

aut
are similar. Let G = GZ_,(M)™. By [37, Exercise 1.10], G = C(G) where G C Sg

is the permutation group
G={o€Sg: p,(f)=0forall fellG)}
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We claim that G = Aut(M). Given tuples A = (ay,...,ar) and B = (by,...,b), we

have
1 ifo(A) =B,

(6.2.2) o (UAB) = Tarby *** Oayby, =
0 ifo(A) # B.

Suppose o € Aut(M) and f € I(G) — without loss of generality we may assume that
f = uap where A is independent and B is dependent. Since ¢ is an automorphism
of M, o(A) cannot equal B, and so ¢,(uap) = 0 by Equation (6.2.2]). Conversely,
suppose o € G. If A is independent, then 0(A) # B for all dependent tuples B by
Equation and the definition of I(G), and so o(A) is independent. Similarly,
if D = o(A) is independent, then o~1(D) # C for all dependent tuples C' (since
o~' € G), and so A is independent. Therefore o € Aut(M), as required. O

For the remainder of this section, we describe the relationship between the vari-

ous quantum automorphism groups of matroids.

6.2.5. THEOREM. For any matroid M,
Gfut(M) = GaBut(M)

We begin with the following technical lemma. Given a tuple A = (ay,...,a,) of
length ¢ an element x € F, and 1 < i < {4+ 1, define AU, x to be the tuple of length

¢ + 1 obtained by inserting x at position i, i.e.,
AU;z = (ay,...,0;-1,%,a;,...,00).

If = 1 then A U; x is obtained by prepending x to A, and if i = ¢+ 1 then AU; x
is obtained by appending x to the end of A.

6.2.6. LEMMA. Let Ay, Ay C Tup(F). Suppose that, for each pair of tuples
A = (ay,...,a¢), B = (by,...,b) of the same length with A € Ay and B ¢ As,
there is a x € E and i € {1,..., L} such that AU; z € Ay, but BU; y ¢ Ay for all
ye E. Then G4 C Gy,.

PrOOF. We must show that 14, C I4,. Suppose uap € I4,, without loss of

generality, we may assume that
A= (a1,...,ap) € Ay and B = (by,...,b) ¢ As.

Let x € E and 1 < i < /¢ be as in the lemma, and set A" = (ay,...,a;_1), A" =
(i, ...,ap), B"=(by,...,b;i_1), and B” = (b;,...,b;). By the relation ZyeE Uzy = 1,
we have
UAB = ) UABUaytianpy
yerR
By hypothesis, each term in this sum lies in I4,, and therefore so does usp, as

required. l
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PROOF OF THEOREM [6.2.5] For 1 < k < rank(M), denote by Z, the set of
independent tuples of length k. Let now k < rank(M) and suppose A € Z,(M) and
B € E(M)*\ Z,. Because A is independent and not a basis, there is a 2 € E(M)\ A
such that the length—(k + 1) tuple A Ui, z is independent. Furthermore, because
B is dependent, the length—(k + 1) tuple B Ui, y is also dependent. By Lemma
, we have that ijﬂ C Gz,. Thus, we get the chain

GaBut<M) = Gfr g Gfr_l g T g Gfl
where 7 = rank(M), and hence G (M) C GZ,,(M). The inclusion GZ (M) C
G5, (M) follows from B(M) C Z(M). O

Next, we compare GZ (M) and G¢

aut aut

(M) for simple matroids M (i.e., without
loops or parallel elements) with rank 3. We define a triangle to be a triple of three
rank-2 flats {Fy, Fy, F3} that pairwise intersect but Fy N Fy N F3 = ().

6.2.7. THEOREM. Suppose M is a simple, rank 3 matroid. If E(M) # FyUF,UF3
for all triangles {Fy, Fy, F3}, then

C
Gaut

(M) € G (M)

aut

In the proof of this theorem, we make use of the closure operator of a matroid M.
This is the function cly : 26 — F(M) defined by

clu(A4) = {z € E(M) : ranky(A U {z}) = rankm(A)}.

(M) C (GG (M)).
Suppose A = (aq,as,as) is a basis tuple and B = (by, bs, b3) is dependent. If B

PROOF OF THEOREM [6.2.7.. We must show that (G5

aut

is a circuit tuple, then up € I(GS,,(M)). Suppose that B is not a circuit. Because

aut

M is simple, the tuple B must have repeated elements. If b; = by or by = b3, then
uap € 1(SE) € I(GG,(M)).

Finally, consider the case by = bs. Let Fy = cl({as, as}), Fo = cl({a1,as}),
and F3 = cl({ay,as}). If there was an element f € Fy N Fy N F3, then we would
have rank({a1, f}) = 2, since there are no parallel elements. However, since f €
cl({ay,as}), we get that rank({ai, aqs, f}) = 2 and thus ay € cl({ay, f}). Similarly,
we get az € cl({ay, f}). But then we would have {ai,as,a3} C cl({ay, f}), which
is a contradiction to rank({ai, f}) = 2 since rank({ai, as,as}) = 3, and therefore
Fy N Fy N F3 must be empty.

We thus see that {F7, Fy, F3} is a triangle and by hypothesis, we get that there
isaay € E(M)\ (F1 U FyU F3), and therefore (ay, ag, as,ayq) is a circuit tuple. So

UAB = Uayby UagbyUaghy = Z Uayby Yagby Uazb, Uaya -
v€E
Because (by, by, by, x) is not a circuit tuple for each x € E, each summand on the

right is in I(G€,,(M)), as required. O

aut
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C

In Section [6.5, we list several examples where G ,(M) is a proper subgroup of

GB

B .(M). Nevertheless, we have not found any examples where, conversely, GZ (M)

aut
C

aut

is a proper subgroup of GY, ,(M). This raises the following question.

6.2.8. QUESTION. Does the conclusion to Theorem hold for every matroid?

At any rate, the lattice of flat axioms never generate proper quantum automor-

phisms:
6.2.9. THEOREM. For any matroid M, we have

]_‘
Gaut

(M) = C(Aut(M)).

Suppose N = |E(M)|. Because usp € I(G?,

aut

(M)) for A, B € E(M)Y such that A
does not have repeated elements and B has repeated elements, this theorem is a

direct consequence of Proposition and the following general lemma.

6.2.10. LEMMA. Suppose E is a set with N elements and A C Tup(E). If
uap = 0 in G4 for all A, B € EN such that A has no repeated elements and B does

have repeated elements, then G 4 is commutative.

PrROOF. Let 0 < k < N — 1. First, we claim that uag = 0 in G4 for all
A,B € EN7* such that A has no repeated elements and B does have repeated
elements. We proceed by induction on k, and the base case k = 0 is a hypothesis of

the lemma. For k > 1, suppose A and B are as above and have N — k elements. If

a ¢ A then
UaB = Z UABUgh-

beFE
As each summand on the right lies in 14 by the inductive hypothesis, we also have

uag = 0 in G4, as required.

Now, suppose a,b,c,d € E and consider ug . If a = c or b = d, then ugpucq
and u.qugq, both equal 0 or both equal u,p, and SO Ugpticg = Ueqiqp. Assume a # ¢
and b # d. Then

UabUed = E UapUedUgh-
zeE
For x # a,c, the summand ugyucqu.p lies in 14 by the above claim, and summand

UgpUeqley €quals 0 by the quantum symmetric group relations. Therefore
UapUecd = UghUcdUab-

As the term on the right is self-adjoint, we have ugptucg = Ueqliap, and so G4 is

commutative, as required. [l

6.3. Quantum Symmetries for Matroids by Rank and Girth

We begin this section by developing general descriptions of the quantum auto-
B

aut(M) for matroids of rank 1 and 2. Given a matroid M and

morphism group G
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L C E(M), the deletion of L from M is the matroid M\ L with ground set E(M)\ L
and whose independent sets are ZIM\ L) ={A € Z(M) : AC E(M)\ L}.

6.3.1. PROPOSITION. Let M be a matroid and denote by L C E(M) the set of
loops of M. Then
GI

aut

(M) = 87+ Ggy(M\ L)

If M has rank 1, then
GI

aut

(M) = S % SEan-

PROOF. Recall that i € F(M) is a loop of M if {i} is a dependent set. So this
proposition follows from the fact that u;; € I(GE,,(M)) ifi € L and j € E(M)\ L,

aut

ori€ E(M)\ LandjeL. O

Now suppose that M is a loopless rank 2 matroid. The rank 1 flats form a
partition of F(M). Define a graph I's[M] in the following way. Let V(I's[M]) = E(M),

and two vertices are connected by an edge if they lie in different rank-1 flats.

6.3.2. PROPOSITION. Let M be a rank 2 matroid and let L C E(M) be its set of
loops. Then
GB

aut

(M) = SL+ * Gaut(FQ[M\L])

PROOF. Given a graph I', by [77, Lemma 5.7] its quantum automorphism group
is the subgroup of S‘J;(F) defined by the ideal

(Ugptieq = (ac € E(T') and bd ¢ E(T)) or (ac ¢ E(T') and bd € E(T)))

If M is loopless, then the proposition follows from this description of G, (I'2[M])
and the definition of G5 ,(M). For the general case, apply Proposition [6.3.1] O

aut

Therefore, GZ (M) are familiar quantum automorphism groups for matroids of rank

1 and 2. At the other end of the rank spectrum, we develop a criterion which
B

guarantees that G, (M) is commutative for large classes of matroids of rank > 4.

The girth of the matroid M, denoted girth(M), is the size of the smallest circuit of
M.

6.3.3. THEOREM. If M is a matroid with girth(M) > 4, then

B
Gaut

M) = G

aut

(M) = C(Aut(M)).

A rank r matroid is paving if its girth is > r. Conjecturally, almost all matroids
are paving [27], [62], and paving matroids of rank > 4 have commutative bases
quantum automorphism group by Theorem [6.3.3] This leaves rank r = 3, and there
are several examples of matroids M such that G5 (M) is noncommutative, see .

aut

PROOF OF THEOREM [6.3.3 In view of Theorem we may focus on proving
the second equality in the theorem. By Proposition [6.2.4] it suffices to show that,
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for a matroid M with girth(M) > 4, we have

: T
UahUcdUabh = UghUed 111 Gaut(M)

for all a,b,c,d € E(M). Indeed, this formula implies that w4, and u.y commute since
UgpUeqUap 1s self-adjoint.
Case 1. If a = c and b = d, then
Uablledliah = Upplab = Uablicd-
Case 2. If a # c and b = d then
UapUecdUab = UabUchUab = 0= UapUch-
Case 3. If a = ¢ and b # d, argue as in Case 2.

Case 4. Suppose a # ¢ and b # d. Then

UapUed = UabUed Z Uqz-

zeE
(M) for every x € E(M)\{b}. Since (a,c,a)
has repeated elements, it is not an independent tuple. On the other hand, (b, d, z)
is an independent tuple for x # b, d by the hypothesis girth(M) > 4. If x = d, then

We must show that ugptcqtiq, = 0 in Gfut

UabUedUazr = UghUedUad = 0
since a # c. In either case, we have

UgpUeqliae = 0 in GE (M) for = € E(M)\ {b}

aut

as required. O

6.4. Computational Results

The study of the quantum automorphism groups of a given matroid, beyond
the simplest cases, is impractical to do by hand. Therefore, we rely on computer
algebra to study specific examples. Our primary goal is to determine, for as many
matroids M as possible, whether G (M) and G¢,,(M) are commutative, which in
view of Proposition is equivalent to being isomorphic to C'(Aut(M)). In view
of Remark [I.2.7, and since the coproduct formula remains valid over Z, it suffices
to compute with quantum permutation groups with rational coefficients.

We employ the free open-source software 0SCAR [28], [66] which features two
different methods for computing noncommutative Grobner bases. The results are
given as tables in Section [6.5]

6.4.1. Algorithms and their Implementations. Hilbert’s basis theorem
says that every ideal I in a commutative polynomial ring is finitely generated,
i.e., such a ring is Noetherian. Furthermore, the ideal [ has particularly useful

generating systems, known as Grobner bases, which, for example, allow to decide
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whether a given polynomial is contained in I or not. Buchberger’s algorithm is a
classical method to convert any finite generating system of I into a Grobner basis.
For details, we recommend the textbook by von zur Gathen and Gerhard [40, §21].

Our computations employ a noncommutative generalisation of Buchberger’s al-
gorithm, which has already been introduced in Section [3.1 In our computations we
always used the degree reverse lexicographic ordering. We consider the polynomial
ring R = Q(X) with a finite set X of noncommuting variables and rational coeffi-
cients. The biggest obstacle to overcome for any algorithm dealing with ideals of R
is the fact that R is not Noetherian.

Since R is not Noetherian, the Buchberger algorithm may not terminate, but
if it does, then the output is a Grdébner basis of I, with respect to the degree
reverse lexicographic ordering. Term orderings are subtle in the noncommutative
case, whence we stick to this particular term ordering throughout. In addition to
the basic algorithm, we use some simple optimizations to make the computation run
faster. The first step for this is to make the set of obstructions B into a priority queue
that is sorted in the degree reverse lexicographic order, which is an improvement
discussed in the PhD thesis of Keller [45]. Moreover, for computing the obstructions
we use the Aho—Corasick algorithm [1] for efficiently finding substrings in a given
text to improve the function that checks for divisibility by the partial Grobner basis.
This works by maintaining an Aho—Corasick automaton during the computation that
contains all elements of the Grobner basis computed so far. When checking for a
given monomial whether it is divisible by an element of the Grobner basis, one looks
for the first element in the automaton that matches a substring of the monomial. If
such an element exists, that monomial is divisible by the partial Grébner basis. The
noncommutative Buchberger algorithm we used was implemented in 0SCAR
directly.

La Scala and Levandovskyy proposed a different way of dealing with not finitely
generated ideals [47]. To the generating system G of an ideal I in the noncommu-
tative polynomial ring R they associate an ideal, called the letterplace ideal of I,
which lives in a commutative polynomial ring, but with infinitely many variables.
By restricting to subrings with finitely many variables, say d, this method allows to
employ standard commutative Grobner bases to obtain truncated Grobner bases of
I. The number d is called the degree bound of the truncation, and it is part of the
input.

In contrast with the Buchberger algorithm sketched in Section the advantage
of the Letterplace algorithm is its termination for every input. The drawback is that
it does not directly yield a Grobner basis even if it exists. On the bright side, we

have the following key result.

6.4.1. THEOREM (La Scala and Levandovskyy [47, Cor. 3.19]). Let I C R be

a graded two-sided ideal with a finite homogeneous basis whose polynomials are all
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of degree d. Denote by Gy_1 the truncated Grébner basis of I up to degree d. If
Ga—1 = Gog_a, then Gy_1 is a Grobner basis of 1.

That is to say, if the sequence of truncated Grobner bases stabilizes enough, then
the final truncated Grobner basis is actually a proper Grobner basis. This method
is implemented in Letterplace [49], which is also available in 0SCAR.

Either method for computing noncommutative Grobner bases leads to a pro-

cedure for semi-deciding the commutativity of the quantum automorphism group

GEB,.(M). Given a Grébner basis of the ideal (G

aut aut

mutators w;ur — ugety; lie in I(GB,(M)). Similarly for G ,(M). If the Grobner

aut

(M)) we can check if all com-

basis computation does not terminate, we cannot say anything. Nevertheless, using

these techniques we are able to determine if G, (M) or G¢ (M) are commutative

aut aut
for numerous matroids of small rank and ground set, and so we pose the following

question.

6.4.2. QUESTION. Is commutativity of GZ (M) or G¢

aut aut

(M) decidable?

6.4.2. Data. Tables [I] 2| and [3] group isomorphism classes of matroids M that
have small rank and ground set based on whether G5 ,(M) or G¢

aut ¢ +(M) are commu-

tative or noncommutative. For numerous matroids, we were only able to determine
commutativity of G5,,(M), and this data is recorded in tables [ and [5, We use the

aut
matroids from polymake’s database polyDB [41], [68], which is based on the data
obtained in [61]. In this database, matroids are recorded via a reverse lexicographic
basis encoding. This encoding works in the following way. A matroid M with rank r
and ground set {1,...,n} is encoded as a binary string of length (’:) The positions
of the characters in this string correspond to the r-element subsets of {1,...,n}
in reverse lexicographic order. A 0 means that the corresponding subset is not a
basis of M, and a 1 means that the corresponding subset is a basis (recorded in this
database as *). For brevity, we record these strings in hexadecimal and pad the

beginning with 0’s so that the string has [1(")] characters.

6.4.1. ExaAMPLE. Consider the Fano matroid F from Example|6.1.14] The bases

of this matroid are all 3-element subsets of {1,...,7} except for
123,145, 246, 356, 347, 257, 167.

Here, ijk is short for the subset {i,j,k}. There are 35 three-element subsets of

{1,...,7}, and in reverse lexicographic these are

123,124,134, 234, 125, 135, 235, 145, 245, 345, 126, 136, 236, 146, 246, 346, 156, 256, 356, 456,
127,137,237, 147, 247, 347, 157, 257, 357, 457, 167, 267, 367, 467, 567.

The revlex basis encoding of F reads

01111110111 11101110 1111 1101 0110 1111
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and so the hexadecimal encoding is 3f7eefd6f.

Our tables in Section |6.5| comprise the complete data for all isomorphism classes
of matroids with ground set sizes n < 6 and rank r < 2. We have partial data for

(r,m) = (3,6),(3,7). The columns in each table record the following information.

(i) Matroid: the matroid M in hexadecimal encoding;
(ii) |[E(M)]: the size of the ground set of M;
(iii) rank(M): the rank of M;
(iv) girth(M): the girth of the matroid;
(v) # nonbases: the number (") —|B(M)| where n = |E(M)]| and r = rank(M);
(vi) |Aut(M)]|: the order of the classical automorphism group of M;
(vii) dg(M): degree of the Grobner basis computed for (G2 (M)).

All our results have been obtained with the 0SCAR implementation of the noncom-
mutative Buchberger Algorithm [3.1.19

Since we are dealing with a computational task which a priori is not finite, it
is useful to start with matroids for which it seems likely that the computation can
be finished. Our experiments suggest the following heuristics. We start as low as
n = 2, and then we stepwise increase the number of elements in the ground set. For
each fixed n we sort the matroids by increasing rank r. The set of (r, n)-matroids is
further sorted by taking those first for which the parameter |B|- (3";_, () — [B]) is
small; the latter number is the number of relations defining the ideal I(G5 ,(M)); cf.
. We stopped the calculation as soon as the elapsed time exceeded one week
per matroid. This resulted in a total of 207 matroids for which we could compute
(M) for 85

the commutativity of GZ,(M), out of which we could determine G€,,
matroids.

All computations were done on the HPC-Cluster at Technische Universitat
Berlin. Specifically, we used an openSUSE Leap 15.4 distribution on a cluster,
where each node has 2x AMD EPYC 7302 16-core processors with 1024 gigabytes
of RAM. The computation times vary a lot, matroids with n > 6 elements routinely
take 24 hours or more. The total computation time for the base versions was about

33 days.

6.5. Tables

We distinguish whether for a given matroid M the quantum automorphism
groups G2 (M) and G¢

¢ +(M) are commutative or not. Table |3|lists examples where

GC,.(M) # GB ,(M). Several uniform matroids can be spotted easily, as they are

the only ones without nonbases. For instance, GZ,,(U,4) is noncommutative but

aut

G, (Uy4) is commutative (3£ in Table (3 ' Our computations for the Fano matroid
F from Example [6.1.14] exceeded the memory limit of 1024 GB; so it does not occur

here.
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Table 1: GB,,(M) and G¢,,(M) are both noncommutative

aut aut

Matroid rank(M) |E(M)| girth(M) #nonbases |Aut(M)| dg(M)

f 1 4 2 0 24 3
1f 1 ) 2 0 120 3
of 1 ) 1 1 24 3
01 1 ) 1 4 24 3
3f 1 6 2 0 720 3
1f 1 6 1 1 120 3
of 1 6 1 2 48 3
03 1 6 1 4 48 3
01 1 6 1 ) 120 3
le 2 4 2 2 8 2
lef 2 5) 2 2 8 2
036 2 ) 1 6 8 2
00f 2 ) 2 6 24 3
3dff 2 6 2 2 16 2
3dfe 2 6 2 3 48 3
0fdc 2 6 2 6 72 2
06ct 2 6 1 7 8 2
O1ff 2 6 2 6 48 3
O1fe 2 6 2 7 48 3
0066 2 6 1 11 16 2
001f 2 6 2 10 120 3
000f 2 6 1 11 24 3
0001 2 6 1 14 48 3
079e0 3 6 2 12 48 3
001lef 3 6 2 12 8 3

00036 3 6 1 16 8 3
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Table 1: GB,(M) and G¢,,(M) are both noncommutative

aut aut

(continued)

Matroid rank(M) |E(M)| girth(M) #nonbases |Aut(M)| dg(M)
0000f 3 6 2 16 48 3
Table 2: GB (M) and G¢,,(M) are both commutative
Matroid rank(M) |E(M)| girth(M) #nonbases |Aut(M)| dg(M)
3 1 2 2 0 2 2
3 1 3 1 1 2 2
1 1 3 1 2 2 2
7 1 4 1 1 6 2
3 1 4 1 2 4 2
1 1 4 1 3 6 2
07 1 ) 1 2 12 2
03 1 ) 1 3 12 2
07 1 6 1 3 36 2
1f 2 4 2 1 4 2
0b 2 4 1 3 6 2
07 2 4 2 3 6 2
03 2 4 1 4 2 2
01 2 4 1 ) 4 2
1ff 2 ) 2 1 12 2
07f 2 ) 2 3 12 2
07e 2 5 2 4 12 2
037 2 ) 1 ) 4 2
013 2 5 1 7 12 2
007 2 ) 1 7 6 2
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Table 2: GB (M) and G¢,,(M) both commutative (contin-

aut

aut

ued)
Matroid rank(M) |E(M)| girth(M) #nonbases |Aut(M)| dg(M)
003 2 ) 1 8 4 2
001 2 ) 1 9 12 2
Offf 2 6 2 3 36 2
0fdf 2 6 2 4 12 2
06ef 2 6 1 6 12 2
00ef 2 6 1 8 12 2
00ee 2 6 1 9 12 2
0067 2 6 1 10 8 2
0023 2 6 1 12 36 2
0007 2 6 1 12 12 2
0003 2 6 1 13 12 2
07df3 3 6 2 8 16 3
079e3 3 6 2 10 8 3
02cb3 3 6 1 12 8 3
01c7e 3 6 2 11 36 3
00c36 3 6 1 14 12 3
00413 3 6 1 16 48 3
001ff 3 6 2 11 12 3
0007£ 3 6 2 13 12 3
0007e 3 6 2 14 12 3
00037 3 6 1 15 4 3
00013 3 6 1 17 12 3
00007 3 6 1 17 12 3
00003 3 6 1 18 8 3
00001 3 6 1 19 36 3
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Table 3: GB,,(M) is noncommutative but G¢,,(M) is commu-

aut aut

tative

Matroid rank(M) |E(M)| girth(M) +#nonbases |Aut(M)| dp(M)

3f 2 4 3 0 24 3
3ff 2 ) 3 0 120 3
0b7 2 5 1 4 24 3
TEff 2 6 3 0 720 3
3fff 2 6 2 1 48 3
16ef 2 6 1 ) 120 3
0267 2 6 1 9 48 3
0fff0 3 6 2 8 48 3
003ff 3 6 3 10 120 3

000b7 3 6 1 14 24 3
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The remaining two tables list those matroids for which we could only compute

either GB (M) or G¢

ot tut(M). Larger examples would require more than 1024 GB main

memory.

Table 4: G5B (M) is commutative but we have no data on
G (M)

aut

Matroid rank(M) |E(M)| girth(M) #nonbases |Aut(M)| dg(M)

1 0 1 1 0 1 2
7 1 3 2 0 6 2
03£f7ff 2 7 2 4 24 2
003bdf 2 7 1 9 36 2
003b9f 2 7 1 10 12 2
0019ct 2 7 1 12 24 2
0001ct 2 7 1 14 24 2
0001ce 2 7 1 15 24 2
0000c7 2 7 1 16 24 2
000007 2 7 1 18 36 2
f 3 4 4 0 24 3
fffff 3 6 4 0 720 5
TEfff 3 6 3 1 36 3
Tfffe 3 6 3 2 72 3
Tefff 3 6 3 2 8 3
Tefdf 3 6 3 3 6 3
Tefdd 3 6 3 4 24 3
37dff 3 6 2 4 48 3
379ff 3 6 2 ) 12 3
12cb7 3 6 1 10 120 4
0fff7 3 6 3 ) 12 3
07dff 3 6 2 6 8 3

07dfd 3 6 2 7 4 3
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Table 4: GB (M) is commutative but we have no data on
GC,.(M) (continued)
Matroid rank(M) |E(M)| girth(M) #nonbases |Aut(M)| dg(M)
02cb7 3 6 1 11 12 3
01c7f 3 6 2 10 36 3
00c37 3 6 1 13 12 3
0165b96ef 3 7 1 16 36 3
0165b96ee 3 7 1 17 72 3
0165996ef 3 7 1 17 8 3
0165996af 3 7 1 18 6 3
0165996ad 3 7 1 19 24 3
0061b86ef 3 7 1 19 48 3
0061b06ef 3 7 1 20 12 3
002098267 3 7 1 25 240 4
000ffbfe0 3 7 2 17 24 3
000£7bde7 3 7 2 16 8 3
0005b96e7 3 7 1 20 12 3
0003£8fff 3 7 2 16 24 3
0003f8ffd 3 7 2 17 12 3
0003f8fe3 3 7 2 19 48 )
0003f0fdf 3 7 2 18 24 3
0003f0fdc 3 7 2 20 24 3
0003£0fc3 3 7 2 21 24 3
0001b86ef 3 7 1 21 8 3
0001b86ed 3 7 1 22 4 3
0001b86e3 3 7 1 23 16 3
0001b06c3 3 7 1 25 8 3
000098267 3 7 1 26 24 3

142



CHAPTER 6. QUANTUM SYMMETRIES OF MATROIDS

Table 4: G5 (M) is commutative but we have no data on

GS,;(M) (continued)
Matroid rank(M) |E(M)| girth(M) #nonbases |Aut(M)| dg(M)
000098263 3 7 1 27 16 3
0000380ef 3 7 1 25 36 3
0000380ee 3 7 1 26 36 3
000018067 3 7 1 28 24 3
000018066 3 7 1 29 24 3
000008023 3 7 1 31 144 3
000000fff 3 7 2 23 36 3
000000fdf 3 7 2 24 12 3
0000006ef 3 7 1 26 12 3
0000000ef 3 7 1 28 12 3
0000000ee 3 7 1 29 12 3
000000067 3 7 1 30 8 3
000000023 3 7 1 32 36 3
000000007 3 7 1 32 24 3
000000003 3 7 1 33 24 3

Table 5: GB (M) is noncommutative but we have no data on

Gt (M)
Matroid rank(M) |E(M)| girth(M) #nonbases |Aut(M)| dg(M)
T 1 7 2 0 5040 3
3f 1 7 1 1 720 3
1f 1 7 1 2 240 3
of 1 7 1 3 144 3
07 1 7 1 4 144 3
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Table 5: GB (M) is noncommutative but we have no data on

GC,.(M) (continued)

aut

Matroid rank(M) |E(M)| girth(M) #nonbases |Aut(M)| dg(M)

03 1 7 1 ) 240 3
1ff£fff 2 7 3 0 5040 3
Offfff 2 7 2 1 240 3
Of7fff 2 7 2 2 48 2
0f7fbf 2 7 2 3 48 3
05bbdf 2 7 1 6 720 3
03ffff 2 7 2 3 144 3
03f7fe 2 7 2 ) 48 2
03f73f 2 7 2 6 72 2
01bbdf 2 7 1 7 48 3
01b3df 2 7 1 8 16 2
01b3de 2 7 1 9 48 3
0099ct 2 7 1 11 240 3
007fff 2 7 2 6 144 3
007£fbf 2 7 2 7 48 3
007fbc 2 7 2 9 144 3
003b9c 2 7 1 12 72 2
00198f 2 7 1 13 16 2
0008c7 2 7 1 15 144 3
0007£ff 2 7 2 10 240 3
0007fe 2 7 2 11 240 3
0003df 2 7 1 12 48 3
0003de 2 7 1 13 48 3
0000c6 2 7 1 17 48 2

000043 2 7 1 18 144 3
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Table 5: GB (M) is noncommutative but we have no data on

GS,;(M) (continued)

aut

Matroid rank(M) |E(M)| girth(M) #nonbases |Aut(M)| dg(M)

00003f 2 7 2 15 720 3
00001f 2 7 1 16 120 3
00000f 2 7 1 17 48 3
000003 2 7 1 19 48 3
000001 2 7 1 20 240 3
Offff 3 6 3 4 48 3
079ef 3 6 2 8 16 3
O7Tfffffff 3 7 3 4 144 3
00e3f0£fdc 3 7 2 17 144 3
000£7bde0 3 7 2 19 16 3
0005b96ef 3 7 1 19 48 3
0005b96e0 3 7 1 23 48 3
0003£0£c0 3 7 2 23 48 4
0001b06¢ct 3 7 1 23 16 3
0001b06c0 3 7 1 27 48 3
0000781ff 3 7 2 22 144 3
0000781fe 3 7 2 23 144 3
000007f£ff 3 7 3 20 720 3
000003fff 3 7 2 21 48 3
000003dff 3 7 2 22 16 3
000003dfe 3 7 2 23 48 3
0000016ef 3 7 1 25 120 3
000000£fdc 3 7 2 26 72 3
0000006ct 3 7 1 27 8 3
000000267 3 7 1 29 48 3
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Table 5: GB (M) is noncommutative but we have no data on
GC,.(M) (continued)

aut

Matroid rank(M) |E(M)| girth(M) #nonbases |Aut(M)| dg(M)

0000001ff 3 7 2 26 48 3
0000001fe 3 7 2 27 48 3
000000066 3 7 1 31 16 3
00000001f 3 7 2 30 240 3
00000000£ 3 7 1 31 48 3

000000001 3 7 1 34 144 3
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6.6. Lovasz’s Theorem for Matroids

Throughout this chapter our aim was to introduce and study interesting new
classes of noncommutative algebras, namely the various quantum automorphism
groups of matroids. But it is natural to ask if we can also learn something about
matroids from their quantum automorphisms. While we currently lack the technol-
ogy to obtain a deep result in that direction, here we want to sketch an idea that
we find intriguing.

Our point of departure is a celebrated result in graph theory. Lovész in [50]
derives the following characterisation of isomorphic graphs in terms of graph homo-

morphism counts.

6.6.1. THEOREM. Two graphs I'y and T'y, without multiple edges, are isomorphic
if and only if
| Hom(T",T';)| = | Hom(T', T'y)|

for all graphs T.

Exciting recent work of Mancinska and Roberson [55] characterises quantum iso-

morphic graphs in terms of homomorphism counts from planar graphs.

6.6.2. THEOREM. Two graphs I'y and I'y, without multiple edges, are quantum

1somorphic if and only if
| Hom(I", I'y)| = [ Hom(I', Iy )|
for all planar graphs T'.

We want to derive a matroidal analog of Theorem [6.6.1 which is the first crit-
ical step to see if quantum isomorphic matroids admit a characterisation in terms
of counts of maps of matroids. Matroid theory is somewhat complicated from a
categorical point of view. Namely, there are at least two competing concepts for
morphisms, which are discussed and compared in Chapters 8 and 9 of [85]. One
type of such morphisms are the strong maps, which we will define next. Let M; and

M, be matroids. A strong map ¢ : My — My is a function
¢ : E(My)U{e} — E(My) U {e}

such that ¢(e) = e and the inverse image of a flat of My @ Uy is a flat of My & Ug.
(Here, U is the matroid consisting of a single loop element e, see Example )
The image of ¢, denoted by ¢(M;), is the restriction My|g; where £} = p(E(M;) U
{e})NE(My). Given L C E(M), the restriction M|y is simply the deletion of £(M)\ L
from M as defined at the beginning of . Denote by Hom(M;, M3) the set of strong
maps ¢ : M; — My. An embedding of matroids is a strong map ¢ : My — My such
that ¢ : E(M;) U{e} — E(M,) Ll {e} is injective and M; = ¢(M;). We are now

equipped for the main result of this section.
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6.6.3. THEOREM. Two matroids My and My are isomorphic to each other if and

only if
| Hom(My, L)| = | Hom(My, L)|

for all matroids L.

Note that the crucial difference between Theorems 16.6.1] and 16.6.3| is that Theorem
6.6.1| concerns counts of graph homomorphisms to the graphs I'y and I's, whereas
Theorem [6.6.3] concerns counts of strong maps from the matroids M; and Ms. This
is reflected in the fact that if ¢ : I’y — I'y is a graph homomorphism between graphs
with the same number of vertices such that ¢(I'y) = I'y, then ¢ is an isomorphism.
However, if ¢ : My — My is an embedding of matroids on ground sets of the same

size, then 1 is an isomorphism.

6.6.4. LEMMA. The matroids My and My are isomorphic if and only if there are
surjective strong maps @1 : My — My and pg : My — M.

PROOF. Since the maps ¢y : E(M;)U{e} — E(Mg)U{e} and ¢y : E(Mg)U{e} —
E(M;) U {e} are both surjective maps of finite sets, they are bijective. Since ¢; and
9 are strong maps of the same size, the matroids M; and M, have the same rank,

and hence ¢; and s define isomorphisms, see |46, Proposition 8.1.6]. O

Denote by Emb(M;, My) the set of embeddings M; < My and Surj(M;, My) the set

of surjective strong maps M; — My, respectively. Given another matroid N, set
Hom(M;, Mg;N) = {¢ € Hom(M1,My) : ¢(M;) = N}.
The following lemma and its proof are matroidal analogs of [50, Equation 6].

6.6.5. LEMMA. Given matroids My and My, we have

| Surj(My, N)|| Emb(N, My)|
|HOH1 Ml’ | - Z |HOI’I1 M17M2a | - Z |Aut( )|
NeM NeM

where M is a set of representatives of the isomorphism classes of matroids.
PROOF. Given ¢ € Hom(My, My; N), define
E,={(m,¢) : m € Surj(M;,N), ¥ € Emb(N,M,), p = o}
We claim the following:
(1) [Ep| = | Aut(N)];

(ii) E,, N E,, = 0 for different o1, p2 € Hom(My, Mg; N);
(ili) every pair (m,1) with 7 € Surj(My, N) and ¢ € Emb(N, Ms) is in some E,,.

Properties and are clear, so consider . First, we claim that E, # 0.
By [46, Lemma 8.1.4], we can factor ¢ into strong maps 7’ : M; — ¢(M;) and
Y 1 o(M;) — Ms. Fix an isomorphism o : ¢(M;) — N. Then (con',¢' c0o™!) €
Hom (M, Mg; N).
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Fix a pair (mg, 1) € E, and set
E,={(com,vooo ") : 0 € Aut(N)}

If 01,090 € Aut(N) are distinct, then oy o mg # 09 0 Ty since g is surjective. So
|E,| = [Aut(N)| and E), C E,. Conversely, suppose (7,%) € E,. The images
(N) and 1(N) both equal p(My), and ¥, 1y : N — ¢(M;) are isomorphisms. Then
o = 1t o1y is an automorphism of N and (7,) = (o o my,1Pp 0 0 '). Therefore
E, = Ej,, which proves .

By these properties, {E, : ¢ € Hom(M;,My;N)} form a partition of a set of
size | Surj(My, N)|| Emb(N, My)| into | Hom(My, Mg; N)| subsets of size | Aut(N)|. So

| Hom (M1, My; N)|| Aut(N)| = | Surj(My, N)|| Emb(N, My)],
from which the theorem follows. O

PROOF OF THEOREM [6.6.3 We prove that | Surj(My, L)| = | Surj(Ma, L)]| for all
matroids L. If L = My then Surj(My, My) # @, and if L = M; then Surj(Ms, My) # (.
The theorem then follows from Lemma

We proceed by induction on |E(L)|. The equality | Surj(My,L)| = | Surj(Ma, L)|
is clear when |F(L)| = 1. Now, observe that

|Surj(M;, L) = > |Hom(M;,L;N)|
BB
By Lemma [6.6.5, we have

i(M;, N)|| Emb(N, L
| Hom(M;, L)| = [Surj(M;, L) + > | Suzj(M;, N)[| Emb(N, L)

Y | Aut(N)]|
[E(N)|<|E(L)]
Since | Hom(My, L)| = | Hom(Mg, L)|, the difference | Surj(My, L)| — | Surj(May, L)]| is
: . Emb(N, L
> (ISurj(My, N)| — | Surj(My, N)|)M
| Aut(N)]|
NeM
[E(N)[<|E(L)]
This equals 0 by the inductive hypothesis. U

6.6.6. REMARK. We briefly sketch the following alternative argument for The-
orem suggested to us by A. Chirvasitu. The idea is to consider the category
of matroids 991 whose morphisms are strong maps. Surjective maps then reflect the
epimorphisms of the category and injective maps the monomorphisms; cf. Propo-
sitions 3.4 and 3.7 in [43]. Since we are considering only matroids with a finite
ground set, the set of morphisms between two matroids is finite, and it follows that
there are only finitely many injective maps into a given matroid. Both facts imply
that 9 is quasifinite and locally finite. Proposition 5.4 in [43] shows that 9 has
equalisers, which implies that the images of morphisms are such that every quo-

tient is an epimorphism. Theorem 2.2 in [70], which states that every locally finite,
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quasifinite category whose images are such that every quotient is an isomorphism is

combinatorial, then directly recovers the Theorem [6.6.3

The above discussion inspires new questions around the subject of quantum
isomorphisms of matroids. First, how can one define such a form of isomorphism?
Does it, similar to quantum automorphism groups of matroids, have to depend on
the choice of axiom system, or can one find a definition, that is independent of the
axiom system?

Once this is defined one can also ask, inspired by Theorem [6.6.3| and Theo-

rem [6.6.2] whether a statement similar to Theorem [6.6.2] also exists for matroids.

6.6.7. QUESTION. For a sensible definition of quantum isomorphism of matroids,
does a class of matroids £ exist such that two matroids M; and My are quantum

isomorphic if and only if
| HOIH(M17 L)| = | HOIII(MQ, L)|

for all matroids L € L?
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CHAPTER 7

Open Questions

In this chapter, we collect some open questions on the topics covered in this
thesis.

7.1. Existence of Families of Graphs with Restrictions on

Automorphism Groups for Quantum Symmetries

7.1.1. QUESTION. For which families of graphs F does a group G exist such that
if a graph I' is in F and has classical automorphism group G, then I' does not have

quantum symmetries?

Due to the result of van Dobben de Bruyn, Roberson and Schmidt in [31] that
there exists a graph with quantum symmetry but with trivial automorphism group,
we know that when taking F to be all simple graphs there exist no groups that
satisfy the above condition: calling the graph constructed in [31] 'y and given a
graph I with any automorphism group, one could simply take the disjoint union of
I' and I’y and would get a graph with the same automorphism group as I' (as long
as I' is not the same as I'y) that now has quantum symmetries. In fact, in their
paper they even state a more general result, namely that for any given group, there
exist both graphs with that group as an automorphism group that do have quantum
symmetries and graphs that do not have quantum symmetries.

On the other hand, in [39], Fulton shows that when F is the class of all trees,
then for G = Zy no graph I' € F has quantum symmetries.

The question is now for which other classes of graphs there exist groups that
prohibit the existence of quantum symmetries. One could for example, inspired by
Observation 2, study vertex-transitive graphs, since the existence of an asymmetric
graph with quantum symmetries can not be used to take any vertex-transitive graph

and add quantum symmetries while staying vertex-transitive.

7.2. Quantum Symmetries of Vertex-Transitive Graphs

In Chapter |4 the quantum automorphism groups for most vertex-transitive
graphs on 12 vertices could be computed, however for some it still remains un-

known.

7.2.1. QUESTION. What are the quantum automorphism groups of the remaining
vertex-transitive graphs on 12 vertices, i.e. of Ky[1Cs(2), C12(5), C12(5,6), C1a(5T)
and of 012<5+, 6)?
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Taking the classical automorphism groups of these graphs as a first lead, one
could for example guess that the quantum automorphism group of K,[0Cg(2) is
Zs X (Z3 1, S3) or that the quantum automorphism group of Ci5(5") or of Ci5(5%, 6)
is Hy and try to show that.

Another immediate question are the quantum symmetries of the vertex-transitive

graphs on more vertices.

7.2.2. QUESTION. What are the quantum automorphism groups of vertex-
transitive graphs on 14, 15 or 16 vertices? Alternatively, which of those vertex-

transitive graphs have quantum symmetries?

A lot of the techniques used in this thesis should still be applicable to find the
answer to the above question, they might however be more tedious to apply, since

with the number of vertices also the number of cases to check increases.

7.3. Questions on Quantum Switching Isomorphisms

In Chapter [5| we found that for connected signed graphs, any quantum switch-
ing isomorphism must always come from a quantum isomorphism of the delabelled

graphs. But what about non-connected signed graphs?

7.3.1. QUESTION. If we have two non-connected signed graphs, can they be quan-
tum switching isomorphic without the delabelled graphs being quantum isomorphic?

Or does the same restriction as for connected graphs hold?

Another question one can ask is what about more generalisations of complex
reflection groups? In [3] a free quantum version H:" of the group H? = Zs1 S,
was introduced and in [11] it was studied further. For the case s = 1 we have that
H:™ = ST, which leads to the original quantum isomorphism of graphs. When
s = 2, we get H5* = H which leads to the quantum switching isomorphism we

studied in this thesis. But what about s > 27

7.3.2. QUESTION. Can we define a kind of quantum isomorphism of labelled
graphs with s edge-labels that relates to the quantum group H:" in a similar way
that quantum isomorphism relates to S and quantum switching isomorphism re-
lates to H?

7.4. Questions on quantum automorphisms of matroids

In the chapter about quantum automorphisms of matroids, already several ques-

tions were introduced. We collect them again here.

7.4.1. QUESTION. Does the statement of Theorem hold for any matroid,

i.e. do we have that for any matroid M, it holds

C
Gaut

(M) < G5 . (M)?

aut
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The next question is similar to the first question in this chapter, as it concerns

the decidability of the existence of quantum symmetries.

7.4.2. QUESTION. Given a matroid M, is the commutativity of GZ,(M) or

aut
G¢,,(M) decidable?

aut

Inspired by quantum isomorphisms of graphs, one can ask whether a similar
notion also exists for matroids. However, since the quantum automorphism groups
of matroids depend on the chosen axiom system, it is not immediately clear, whether
there should be only one such quantum isomorphism of matroids or several, again

depending on the axiom system.

7.4.3. QUESTION. Can one define quantum isomorphisms of matroids? And can

it be done in a way that is independent of the axiom system?

The last question concerning matroids is inspired by the result in [55] that quan-
tum isomorphism is equivalent to equality of homomorphism counts from planar
graphs. Since a Lovasz type theorem exists for classical isomorphism and equality
of strong homomorphism counts to matroids, the question whether such a statement

for a kind of quantum isomorphism of matroids also holds true poses itself:

7.4.4. QUESTION. Does a family £ of matroids exist, such that two matroids M,

and My are quantum isomorphic if and only if
| Hom(My, L)| = | Hom(Ma, L)|

for all matroids L € L?
And if quantum isomorphisms of matroids depend on the axiom system, does the

family £ also depend on this axiom system or can it even be chosen independently?

153






1]

[10]

[11]

Bibliography

A. V. Aho and M. J. Corasick, “Efficient string matching: An aid to biblio-
graphic search,” Communications of the ACM, vol. 18, pp. 333-340, 1975. DOI:
10.1145/360825.360855.

A. Atserias, L. Mancinska, D. E. Roberson, R. Sdmal, S. Severini, and A.
Varvitsiotis, “Quantum and non-signalling graph isomorphisms,” Journal of
Combinatorial Theory, Series B, vol. 136, pp. 289-328, 2019. DOI: [10.1016/
§.jctb.2018.11.002.

T. Banica, S. T. Belinschi, M. Capitaine, and B. Collins, “Free bessel laws,”
Canadian Journal of Mathematics, vol. 63, no. 1, pp. 3-37, Feb. 2011. DOTI:
10.4153/cjm-2010-060-6.

T. Banica, “Quantum automorphism groups of homogeneous graphs,” Journal
of Functional Analysis, vol. 224, no. 2, pp. 243-280, 2005. DOI: [10.1016/j .
jfa.2004.11.002.

T. Banica and J. Bichon, “Free product formulae for quantum permutation
groups,” Journal of the Institute of Mathematics of Jussieu, p. 381, 2006. DOT:
10.1017/S1474748007000072.

T. Banica and J. Bichon, “Quantum automorphism groups of vertex-transitive
graphs of order < 11,7 Journal of Algebraic Combinatorics, pp. 83105, 2006.
DOTI: 10.1007/s10801-006-0049-9.

T. Banica, J. Bichon, and G. Chenevier, “Graphs having no quantum symme-
try,” Annales de ’Institut Fourier, vol. 57, pp. 955-971, 2006. DOI: 10.5802/
aif .2282.

T. Banica, J. Bichon, and B. Collins, “The hyperoctahedral quantum group,”
Journal of the Ramanujan Mathematical Society, vol. 22, pp. 345384, 2007.
T. Banica and B. Collins, “Integration over compact quantum groups,” Pub-
lications of the Research Institute for Mathematical Sciences, vol. 43, no. 2,
pp. 277-302, Jun. 2007. DOL: [10.2977/prims/1201011782!

T. Banica and R. Speicher, “Liberation of orthogonal Lie groups,” Advances
in Mathematics, vol. 222, no. 4, pp. 1461-1501, 2009. po1: 10.1016/j.aim.
2009.06.009.

T. Banica and R. Vergnioux, “Fusion rules for quantum reflection groups,”
Journal of Noncommutative Geometry, vol. 3, no. 3, pp. 327-359, Sep. 2009.
DOI: [10.4171/jncg/39.

155


https://doi.org/10.1145/360825.360855
https://doi.org/10.1016/j.jctb.2018.11.002
https://doi.org/10.1016/j.jctb.2018.11.002
https://doi.org/10.4153/cjm-2010-060-6
https://doi.org/10.1016/j.jfa.2004.11.002
https://doi.org/10.1016/j.jfa.2004.11.002
https://doi.org/10.1017/S1474748007000072
https://doi.org/10.1007/s10801-006-0049-9
https://doi.org/10.5802/aif.2282
https://doi.org/10.5802/aif.2282
https://doi.org/10.2977/prims/1201011782
https://doi.org/10.1016/j.aim.2009.06.009
https://doi.org/10.1016/j.aim.2009.06.009
https://doi.org/10.4171/jncg/39

BIBLIOGRAPHY

[12]

[13]

[14]

[15]

[18]

[19]

[20]

[21]

J. Bezanson, A. Edelman, S. Karpinski, and V. B. Shah, “Julia: A fresh ap-
proach to numerical computing,” SIAM Review, vol. 59, no. 1, pp. 65-98, Jan.
2017, 1ssN: 1095-7200. pot: 10.1137/141000671.

J. Bichon, “Quantum automorphism groups of finite graphs,” Proceedings of
the American Mathematical Society, vol. 131, no. 3, pp. 665-673, 2003. DOI:
10.1090/S0002-9939-02-06798-9.

J. Bichon, “Free wreath product by the quantum permutation group,” Algebras
and Representation Theory, vol. 7, no. 4, pp. 343-362, Oct. 2004, 1SSN: 1386-
923X. DOI: |10 .1023/b : alge . 0000042148 . 97035 . ca. [Online]. Available:
http://dx.doi.org/10.1023/B:ALGE.0000042148.97035. ca.

B. Blackadar, Operator algebras (Encyclopaedia of Mathematical Sciences).
Springer-Verlag, Berlin, 2006, vol. 122, Theory of C*-algebras and von Neu-
mann algebras, Operator Algebras and Non-commutative Geometry, III. DOI:
10.1007/3-540-28517-2.

A. Bochniak, I. Chelstowski, P. Kasprzak, and P. M. Sottan, Quantum myciel-
skians: Symmetries, twin vertices and distinguishing labelings, 2025. eprint:
arXiv:2502.10521l

M. Brannan, A. Chirvasitu, K. Eifler, S. Harris, V. Paulsen, X. Su, and M.
Wasilewski, “Bigalois extensions and the graph isomorphism game,” Commu-
nications in Mathematical Physics, vol. 375, no. 3, pp. 1777-1809, Sep. 2019.
DOI: 10.1007/s00220-019-03563-9.

M. Brannan, S. J. Harris, I. G. Todorov, and L. Turowska, “Synchronicity for
quantum non-local games,” Journal of Functional Analysis, vol. 284, no. 2,
p. 109738, Jan. 2023. DOL: [10.1016/7. jfa.2022.109738.

B. Buchberger, “Ein algorithmus zum auffinden der basiselemente des restk-
lassenrings nach einem nulldimensionalen polynomideal,” PhD, Universitat
Innsbruck, 1965.

G. Cébron and M. Weber, “Quantum groups based on spatial partitions,”
Annales de la Faculté des sciences de Toulouse: Mathématiques, vol. 32, no. 4,
pp- 727-768, Nov. 2023. DOI: 10.5802/afst.1750.

A. Chan and W. J. Martin, “Quantum isomorphism of graphs from association
schemes,” Journal of Combinatorial Theory, Series B, vol. 164, pp. 340-363,
2024. por: 10.1016/j.jctb.2023.09.005.

A. Chassaniol, “Contributions a I’étude des groupes quantiques de permuta-
tions,” PhD, Université Blaise Pascal, 2016.

A. Chassaniol, “Study of quantum symmetries for vertex-transitive graphs
using intertwiner spaces,” 2019. arXiv: |1904.00455.

A. Chirvasitu and M. Wasilewski, “Random quantum graphs,” Transactions
of the American Mathematical Society, vol. 375, no. 5, pp. 3061-3087, 2022.
DOI: 110.1090/tran/8584.

156


https://doi.org/10.1137/141000671
https://doi.org/10.1090/S0002-9939-02-06798-9
https://doi.org/10.1023/b:alge.0000042148.97035.ca
http://dx.doi.org/10.1023/B:ALGE.0000042148.97035.ca
https://doi.org/10.1007/3-540-28517-2
arXiv:2502.10521
https://doi.org/10.1007/s00220-019-03563-9
https://doi.org/10.1016/j.jfa.2022.109738
https://doi.org/10.5802/afst.1750
https://doi.org/10.1016/j.jctb.2023.09.005
https://arxiv.org/abs/1904.00455
https://doi.org/10.1090/tran/8584

BIBLIOGRAPHY

[25]

[26]

[27]

28]

[29]

[31]

[32]

33]

[34]

J. F. Clauser, M. A. Horne, A. Shimony, and R. A. Holt, “Proposed experiment
to test local hidden-variable theories,” Physical Review Letters, vol. 23, no. 15,
pp. 880-884, Oct. 1969. DOI: 10.1103/physrevlett.23.880.

D. Corey, M. Joswig, J. Schanz, M. Wack, and M. Weber, “Quantum auto-
morphisms of matroids,” Journal of Algebra, vol. 667, pp. 480-507, Apr. 2025.
DOTI: [10.1016/7 . jalgebra.2024.11.036,

H. H. Crapo and G.-C. Rota, On the foundations of combinatorial theory:
Combinatorial geometries, Preliminary. The M.I.T. Press, Cambridge, Mass.-
London, 1970, iv+289 pp. (not consecutively paged) (39 figures). por: 10 .
1002/sapm1970492109.

W. Decker, C. Eder, C. Fieker, M. Horn, and M. Joswig, Eds., The OSCAR
book. 2024.

A. Della Vecchia, M. Joswig, and B. Lorenz, “A FAIR file format for math-
ematical software,” in Mathematical Software — ICMS 2024. Springer Nature
Switzerland, 2024, pp. 234-244. DOT: [10.1007/978-3-031-64529-7_25|

J. van Dobben de Bruyn, P. Nigam Kar, D. E. Roberson, S. Schmidt, and P.
Zeman, “Quantum automorphism groups of trees,” Journal of Noncommuta-
tive Geometry, 2025. DOI: |10.4171/jncg/607.

J. van Dobben de Bruyn, D. E. Roberson, and S. Schmidt, “Asymmetric graphs
with quantum symmetry,” 2023. arXiv: 2311.04889.

S. Doplicher and J. E. Roberts, “A new duality theory for compact groups,”
Inventiones mathematicae, vol. 98, no. 1, pp. 157-218, 1989. poI1: 10.1007/
bf01388849.

V. G. Drinfeld, “Quantum groups,” Journal of Soviet Mathematics, vol. 41,
no. 2, pp. 898-915, Apr. 1988, 1SSN: 1573-8795. DOI: [10. 1007 /bf01247086.
[Online]. Available: http://dx.doi.org/10.1007/BF01247086.

P. Erd6s and A. Rényi, “Asymmetric graphs,” Acta Mathematica Academiae
Scientiarum Hungaricae, vol. 14, no. 3—4, pp. 295-315, Sep. 1963. DOI: 10.
1007/b£01895716.

N. FaroB, Projective versions of spatial partition quantum groups, 2024. DOI:
10.48550/ARXIV.2411.04012.

N. FaroB3, Quantum automorphism groups of hypergraphs, 2024. DOI: 10 .
48550/ARXIV.2405.09894.

A. Freslon, Compact matriz quantum groups and their combinatorics (Lon-
don Mathematical Society Student Texts). Cambridge University Press, Cam-
bridge, 2023, vol. 106, pp. xi+287. DOI: |10.1017/9781009345705.

R. Frucht, “Herstellung von graphen mit vorgegebener abstrakter gruppe,”
Compositio Mathematica, vol. 6, pp. 239-250, 1939. [Online|. Available: https:
//api.semanticscholar.org/CorpusID:116944019.

157


https://doi.org/10.1103/physrevlett.23.880
https://doi.org/10.1016/j.jalgebra.2024.11.036
https://doi.org/10.1002/sapm1970492109
https://doi.org/10.1002/sapm1970492109
https://doi.org/10.1007/978-3-031-64529-7_25
https://doi.org/10.4171/jncg/607
https://arxiv.org/abs/2311.04889
https://doi.org/10.1007/bf01388849
https://doi.org/10.1007/bf01388849
https://doi.org/10.1007/bf01247086
http://dx.doi.org/10.1007/BF01247086
https://doi.org/10.1007/bf01895716
https://doi.org/10.1007/bf01895716
https://doi.org/10.48550/ARXIV.2411.04012
https://doi.org/10.48550/ARXIV.2405.09894
https://doi.org/10.48550/ARXIV.2405.09894
https://doi.org/10.1017/9781009345705
https://api.semanticscholar.org/CorpusID:116944019
https://api.semanticscholar.org/CorpusID:116944019

BIBLIOGRAPHY

[39]

[40]

[41]

[42]

[43]

[44]

[47]

[48]

[49]

M. Fulton, “The quantum automorphism group and undirected trees,” PhD,
Virginia, 2006.

J. von zur Gathen and J. Gerhard, Modern computer algebra, Second. Cam-
bridge University Press, Cambridge, 2003, pp. xiv+785. DOI: 10 . 1017 /
cbo9781139856065.

E. Gawrilow and M. Joswig, “polymake : A framework for analyzing con-
vex polytopes,” in Polytopes—combinatorics and computation (Oberwolfach,
1997), ser. DMV Sem. Vol. 29, Basel: Birkh&user, 2000, pp. 43-73. DOI: 10.
1007/978-3-0348-8438-9_2.

D. Gromada, “Quantum symmetries of hadamard matrices,” Transactions of
the American Mathematical Society, vol. 377, no. 9, pp. 6341-6377, 2024. DOI:
10.1090/tran/9153.

C. Heunen and V. Patta, “The category of matroids,” Applied Categorical
Structures, vol. 26, pp. 205-237, 2018. DOI: [10.1007/s10485-017-9490-2.
M. Jimbo, “Ag-difference analogue of u(g) and the yang-baxter equation,”
Letters in Mathematical Physics, vol. 10, no. 1, pp. 63-69, Jul. 1985. DOTI:
10.1007/bf00704588.

B. J. Keller, “Algorithms and orders for finding noncommutative grébner
bases,” PhD, Virginia Polytechnic Institute and State University, 1997.

J. P. S. Kung, “Strong maps,” in Theory of matroids, ser. Encyclopedia of
Mathematics and its Applications, N. White, Ed., vol. 26, Cambridge Univer-
sity Press, Cambridge, 1986, pp. 224-253. DOI: 10.1017/CB09780511629563.
R. La Scala and V. Levandovskyy, “Letterplace ideals and non-commutative
Grobner bases,” Journal of Symbolic Computation, vol. 44, no. 10, pp. 1374—
1393, 2009. por1: 10.1016/j.jsc.2009.03.002.

V. Levandovskyy, C. Eder, A. Steenpass, S. Schmidt, J. Schanz, and M. We-
ber, “Existence of quantum symmetries for graphs on up to seven vertices:
A computer based approach,” in Proceedings of the 2022 International Sym-
posium on Symbolic and Algebraic Computation, ser. ISSAC 22, ACM, Jul.
2022, pp. 311-318. por: [10. 1145/3476446 . 3535481

V. Levandovskyy, H. Schonemann, and K. Abou Zeid, “Letterplace—a sub-
system of Singular for computations with free algebras via letterplace em-
bedding,” in ISSAC’20—Proceedings of the 45th International Symposium on
Symbolic and Algebraic Computation, ACM, New York, 2020, pp. 305-311.
DOI: [10.1145/3373207 . 3404056.

L. Lovasz, “Operations with structures,” Acta Mathematica. Academiae Sci-
entiarum Hungaricae, vol. 18, pp. 321-328, 1967. DOI1: 10.1007/BF02280291.
M. Lupini, L. Mancinska, and D. E. Roberson, “Nonlocal games and quan-
tum permutation groups,” Journal of Functional Analysis, vol. 279, no. 5,
pp. 108592, 44, 2020. DOI: [10.1016/7 . jfa.2020. 108592,

158


https://doi.org/10.1017/cbo9781139856065
https://doi.org/10.1017/cbo9781139856065
https://doi.org/10.1007/978-3-0348-8438-9_2
https://doi.org/10.1007/978-3-0348-8438-9_2
https://doi.org/10.1090/tran/9153
https://doi.org/10.1007/s10485-017-9490-2
https://doi.org/10.1007/bf00704588
https://doi.org/10.1017/CBO9780511629563
https://doi.org/10.1016/j.jsc.2009.03.002
https://doi.org/10.1145/3476446.3535481
https://doi.org/10.1145/3373207.3404056
https://doi.org/10.1007/BF02280291
https://doi.org/10.1016/j.jfa.2020.108592

BIBLIOGRAPHY

[52]

[53]

[54]

[55]

[58]

[59]

[60]

L. Maaflen, “Representation categories of compact matrix quantum groups,”
PhD, RWTH Aachen, 2021.

A. Maes and A. V. Daele, “Notes on compact quantum groups,” arXiw: Func-
tional Analysis, 1998. [Online|. Available: https://api.semanticscholar.
org/CorpusID:5540578.

T. Mai and M. Weber, Lecture notes in operator algebras, 2018. [Online]. Avail-
able: https://www.math.uni-sb.de/ag/speicher/lehre/opalgsosel8/
FunktionalanalysisIIl.pdf.

L. Mancinska and D. E. Roberson, “Quantum isomorphism is equivalent to
equality of homomorphism counts from planar graphs,” in 2020 IEEE 61st
Annual Symposium on Foundations of Computer Science (FOCS), IEEE, Nov.
2020, pp. 661-672. DOI: 10.1109/f0cs46700.2020.00067.

L. Mancinska and D. E. Roberson, “Quantum homomorphisms,” Journal of
Combinatorial Theory, Series B, vol. 118, pp. 228-267, May 2016. DOI: 10.
1016/3 . jctb.2015.12.009.

A. Mang and M. Weber, “Categories of two-colored pair partitions part i:
Categories indexed by cyclic groups,” The Ramanujan Journal, vol. 53, no. 1,
pp. 181208, Jul. 2019. DOI: [10.1007/s11139-019-00149-w.

A. Mang and M. Weber, “Categories of two-colored pair partitions Part II:
Categories indexed by semigroups,” Journal of Combinatorial Theory. Series
A, vol. 180, Paper No. 105409, 43, 2021. por1: 10.1016/j. jcta.2021.105409.
A. Mang and M. Weber, “Non-hyperoctahedral categories of two-colored par-
titions part i: New categories,” Journal of Algebraic Combinatorics, vol. 54,
no. 2, pp. 475-513, Feb. 2021. DOTI: [10. 1007/510801-020-00998-5!

A. Mang and M. Weber, “Non-hyperoctahedral categories of two-colored par-
titions part ii: All possible parameter values,” Applied Categorical Structures,
vol. 29, no. 5, pp. 951-982, May 2021. por: 10.1007/s10485-021-09641-1.
Y. Matsumoto, S. Moriyama, H. Imai, and D. Bremner, “Matroid enumeration
for incidence geometry,” Discrete €9 Computational Geometry, vol. 47, no. 1,
pp. 17-43, 2012. por: [10.1007/500454-011-9388-y.

D. Mayhew, M. Newman, D. Welsh, and G. Whittle, “On the asymptotic pro-
portion of connected matroids,” Furopean Journal of Combinatorics, vol. 32,
no. 6, pp. 882-890, 2011. poI: 10.1016/j.ejc.2011.01.016.

F. Mora, “Groébner bases for non-commutative polynomial rings,”

in Algebraic
Algorithms and Error-Correcting Codes. Springer Berlin Heidelberg, 1986,
pp- 353-362. DOI: |10.1007/3-540-16776-5_740.

G. J. Murphy, C*-algebras and operator theory. Elsevier, 1990. DOI: 10.1016/
c2009-0-22289-6|

159


https://api.semanticscholar.org/CorpusID:5540578
https://api.semanticscholar.org/CorpusID:5540578
https://www.math.uni-sb.de/ag/speicher/lehre/opalgsose18/FunktionalanalysisII.pdf
https://www.math.uni-sb.de/ag/speicher/lehre/opalgsose18/FunktionalanalysisII.pdf
https://doi.org/10.1109/focs46700.2020.00067
https://doi.org/10.1016/j.jctb.2015.12.009
https://doi.org/10.1016/j.jctb.2015.12.009
https://doi.org/10.1007/s11139-019-00149-w
https://doi.org/10.1016/j.jcta.2021.105409
https://doi.org/10.1007/s10801-020-00998-5
https://doi.org/10.1007/s10485-021-09641-1
https://doi.org/10.1007/s00454-011-9388-y
https://doi.org/10.1016/j.ejc.2011.01.016
https://doi.org/10.1007/3-540-16776-5_740
https://doi.org/10.1016/c2009-0-22289-6
https://doi.org/10.1016/c2009-0-22289-6

BIBLIOGRAPHY

[65]

[66]

[67]

[72]
[73]

[74]

[75]

[76]

S. Neshveyev and L. Tuset, Compact quantum groups and their representation
categories (Cours Spécialisés [Specialized Courses|). Société Mathématique de
France, Paris, 2013, vol. 20, pp. vi+169.

Oscar — open source computer algebra research system, version 0.14.0-dev, The
OSCAR Team, 2023. [Online]. Available: https://www.oscar-system.org.
J. Oxley, Matroid theory (Oxford Graduate Texts in Mathematics), Second.
Oxford University Press, Oxford, 2011, vol. 21, pp. xiv4+684. DOI: [10.1093/
acprof :0s0/9780198566946.001.0001.

A. Paffenholz, “Polydb: A database for polytopes and related objects,” in Al-
gorithmic and experimental methods in algebra, geometry, and number theory,
Springer, Cham, 2017, pp. 533-547.

V. I. Paulsen, S. Severini, D. Stahlke, I. G. Todorov, and A. Winter, “Estimat-
ing quantum chromatic numbers,” Journal of Functional Analysis, vol. 270,
no. 6, pp. 2188-2222, Mar. 2016. po1: 10.1016/j.jfa.2016.01.010.

A. Pultr, “Isomorphism types of objects in categories determined by numbers
of morphisms,” Acta Universitatis Szegediensis. Acta Scientiarum Mathemati-
carum, vol. 35, pp. 155—160, 1973.

S. Raum and M. Weber, “The full classification of orthogonal easy quantum
groups,” Communications in Mathematical Physics, vol. 341, no. 3, pp. 751—
779, Jan. 2016. DOI: |10.1007/s00220-015-2537-z.

J. Schanz, “Quantum isomorphic graphs constructed from binary linear con-
straint systems,” Master’s Thesis, University of Saarland, 2021.

J. Schanz, “Quantum symmetries of vertex-transitive graphs on 12 vertices,”
2024. arXiv: 2404.14976.

S. Schmidt, “The Petersen graph has no quantum symmetry,” Bulletin of the
London Mathematical Society, vol. 50, no. 3, pp. 395-400, 2018. por: 10.1112/
blms.12154.

S. Schmidt, “Quantum automorphism groups of finite graphs,” PhD, Univer-
sitat des Saarlandes, 2020.

S. Schmidt and M. Weber, “Quantum symmetries of graph c*-algebras,” Cana-
dian Mathematical Bulletin, vol. 61, no. 4, pp. 848-864, Nov. 2018, 1SSN: 1496-
4287. DOI: 10.4153/cmb-2017-075-4.

R. Speicher and M. Weber, “Quantum groups with partial commutation rela-
tions,” Indiana University Mathematics Journal, vol. 68, no. 6, pp. 18491883,
2019. por: 10.1512/iumj.2019.68.7791.

T. Timmermann, An invitation to quantum groups and duality: From Hopf al-
gebras to multiplicative unitaries and beyond. European Mathematical Society,
2008.

160


https://www.oscar-system.org
https://doi.org/10.1093/acprof:oso/9780198566946.001.0001
https://doi.org/10.1093/acprof:oso/9780198566946.001.0001
https://doi.org/10.1016/j.jfa.2016.01.010
https://doi.org/10.1007/s00220-015-2537-z
https://arxiv.org/abs/2404.14976
https://doi.org/10.1112/blms.12154
https://doi.org/10.1112/blms.12154
https://doi.org/10.4153/cmb-2017-075-4
https://doi.org/10.1512/iumj.2019.68.7791

BIBLIOGRAPHY

[79]

[36]

[87]

[33]

[. G. Todorov and L. Turowska, “Quantum no-signalling correlations and non-
local games,” Communications in Mathematical Physics, vol. 405, no. 6, Paper
No. 141, 65, May 2024. por: [10.1007/500220-024-05001-x.

S. Wang, “Free products of compact quantum groups,” Communications in
Mathematical Physics, vol. 167, no. 3, pp. 671-692, 1995. por1: 10 . 1007 /
bf02101540.

S. Wang, “Krein duality for compact quantum groups,” Journal of Mathemat-
tcal Physics, vol. 38, no. 1, pp. 524-534, Jan. 1997. DOI: |10.1063/1.531832.
S. Wang, “Quantum symmetry groups of finite spaces,” Communications in
Mathematical Physics, vol. 195, no. 1, pp. 195-211, 1998. por: 10 . 1007 /
s002200050385.

M. Weber, “Introduction to compact (matrix) quantum groups and ban-
ica—speicher (easy) quantum groups,” Proceedings - Mathematical Sciences,
vol. 127, no. 5, pp. 881-933, Nov. 2017. por: [10.1007/s12044-017-0362-3.
M. Weber, Lecture notes in functional analysis, 2017. [Online]. Available:
https : //www . math . uni - sb . de / ag / speicher / lehre / fawisel718 /
Funktionalanalysis.pdf|

N. White, Ed., Theory of matroids, vol. 26, Encyclopedia of Mathematics and
its Applications, Cambridge University Press, Cambridge, 1986, pp. xviii4+316.
DOI: 10.1017/CB09780511629563.

N. White, Ed., Matroid applications, vol. 40, Encyclopedia of Mathematics and
its Applications, Cambridge University Press, Cambridge, 1992, pp. xii+363.
DOI: 10.1017/CB09780511662041.

H. Whitney, “2-Isomorphic graphs,” American Journal of Mathematics, vol. 55,
no. 1-4, pp. 245-254, 1933. por: |10.2307/2371127.

H. Whitney, “On the abstract properties of linear dependence,” American
Journal of Mathematics, vol. 57, no. 3, pp. 509-533, 1935. poOI: 10 . 2307/
2371182.

S. L. Woronowicz, “Compact matrix pseudogroups,” Communications in
Mathematical Physics, vol. 111, no. 4, pp. 613-665, 1987. po1: 10 . 1007 /
bf01219077.

S. L. Woronowicz, “Tannaka-krein duality for compact matrix pseudogroups.
Twisted SU(N) groups,” Inventiones Mathematicae, vol. 93, no. 1, pp. 35-76,
1988. DOI: [10.1007/BF01393687.

S. L. Woronowicz, “A remark on compact matrix quantum groups,” Letters
in Mathematical Physics, vol. 21, no. 1, pp. 35-39, 1991. por: 10 . 1007 /
BF00414633.

S. L. Woronowicz, Compact Quantum Groups. 1998, pp. 845-884.

X. Xiu, “Non-commutative grobner bases and applications,” PhD, Universitat
Passau, 2012.

161


https://doi.org/10.1007/s00220-024-05001-x
https://doi.org/10.1007/bf02101540
https://doi.org/10.1007/bf02101540
https://doi.org/10.1063/1.531832
https://doi.org/10.1007/s002200050385
https://doi.org/10.1007/s002200050385
https://doi.org/10.1007/s12044-017-0362-3
https://www.math.uni-sb.de/ag/speicher/lehre/fawise1718/Funktionalanalysis.pdf
https://www.math.uni-sb.de/ag/speicher/lehre/fawise1718/Funktionalanalysis.pdf
https://doi.org/10.1017/CBO9780511629563
https://doi.org/10.1017/CBO9780511662041
https://doi.org/10.2307/2371127
https://doi.org/10.2307/2371182
https://doi.org/10.2307/2371182
https://doi.org/10.1007/bf01219077
https://doi.org/10.1007/bf01219077
https://doi.org/10.1007/BF01393687
https://doi.org/10.1007/BF00414633
https://doi.org/10.1007/BF00414633

	Abstract
	Zusammenfassung
	Acknowledgements
	Introduction
	Quantum automorphism groups
	Quantum isomorphism of graphs
	Outline and main results

	Chapter 1. Preliminaries
	1.1. Graphs
	1.2. C*-Algebras
	1.3. Compact Matrix Quantum Groups
	1.4. Nonlocal Games

	Chapter 2. Quantum Automorphism Groups of Graphs
	2.1. Basic Definitions
	2.2. Tools for Computing Quantum Symmetries
	2.3. Some Known Results

	Chapter 3. Computing Noncommutative Gröbner Bases Using OSCAR
	3.1. The Noncommutative Buchberger Algorithm
	3.2. Computing Gröbner Bases for Quantum Permutation Groups
	3.3. Applications in this Thesis

	Chapter 4. Quantum Symmetries of Vertex-Transitive Graphs on 12 Vertices
	4.1. Overview and Notation
	4.2. Constructions from Smaller Graphs
	4.3. Circulant and Semi-circulant Graphs
	4.4. Special Cases
	4.5. Computation of Quantum Automorphism Groups

	Chapter 5. Quantum Switching Isomorphism
	5.1. Basic Definitions
	5.2. Construction of the Game
	5.3. Link of Quantum Switching Isomorphism to Quantum Isomorphism

	Chapter 6. Quantum Automorphism Groups of Matroids
	6.1. Matroids and their Automorphism Groups
	6.2. Quantum Automorphisms Associated to Different Axiom Systems
	6.3. Quantum Symmetries for Matroids by Rank and Girth
	6.4. Computational Results
	6.5. Tables
	6.6. Lovász's Theorem for Matroids

	Chapter 7. Open Questions
	7.1. Existence of Families of Graphs with Restrictions on Automorphism Groups for Quantum Symmetries
	7.2. Quantum Symmetries of Vertex-Transitive Graphs
	7.3. Questions on Quantum Switching Isomorphisms
	7.4. Questions on quantum automorphisms of matroids

	Bibliography

